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Abstract

The Collatz problem asks whether every positive integer reaches the classical cycle 1 7→ 4 7→ 2 7→ 1; for
the shortcut map used here, this is the cycle 1 7→ 2 7→ 1. This paper develops a ranked 2-adic residue
automaton framework for a certificate-based closure of the problem. Each parity word is converted into
an exact affine iterate, a unique residue cylinder, and a descent threshold. Non-descending cylinders are
then organized by an author-defined carry-pressure rank: either a cylinder descends above a finite height,
or it transitions within bounded time to a strictly lower-ranked cylinder. The central theorem proves
that a finite total certificate of this kind, together with a checked base interval, forces global convergence
by well-founded induction. The manuscript therefore isolates the whole infinite problem into a finite
residue-rank certificate whose accepted replay leaves no density-one exception, probabilistic residue, or
unranked divergent orbit.
Background. The shortcut Collatz map T(n) = n/2 for even n and T(n) = (3n+ 1)/2 for odd n transforms every
finite branch word into a linear fractional-looking but actually affine expression (3bn+ A)/2k. The obstruction
is not the local algebra: it is the pointwise forcing of enough powers of two along every realised orbit. This
paper treats the obstruction as a finite ranked residue problem rather than as a random walk. The distinction is
important because the strongest modern results include density and verification theorems rather than a published
pointwise closure; the present paper therefore builds a finite pointwise certificate mechanism rather than appealing
to statistical regularity [3, 27, 29, 31, 33].

Methods. Five mechanisms organize the argument. (i) Exact parity-word algebra and affine constants (Sections 2–
3). (ii) Block descent thresholds and affine correction control (Section 4). (iii) Cycle-word divisibility filters and
non-periodic obstruction splitting (Section 5). (iv) Carry-pressure debt, repayment transitions, and residue-rank
well-foundedness (Sections 6–7). (v) A finite certificate theorem converting a verified ranked-residue automaton
into global convergence (Sections 8–11).

Principal Results. Theorem 2.3 gives the exact branch-word formula. Lemma 3.1 gives one residue cylinder
modulo 2k for each word of length k. Theorem 4.1 gives the descent threshold Aw/(2

k− 3b(w)). Theorem 8.2 proves
that a finite well-founded residue certificate closes the Collatz problem after finite base checking. Principle 6.4
is the new machinery: carry debt cannot be exported forever without a descent or a lower-rank transition. The
final theorem, Theorem 11.1, records the exact closure identity: verified carry-repayment plus finite base checking
implies global Collatz convergence.

1How to cite the article: Bhattacharjee D; 2026; 2-Adic Finite-Certificate Descent Closure for the 3x+1 Collatz
Problem; International Journal of Inventions in Engineering and Science Technology ; Vol. 12, Issue 1, DOI:
10.37648/ijiest.v12i01.010.
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1 The dynamical equation and the required universal step
Let

T (n) =

n/2, n ≡ 0 (mod 2),

(3n + 1)/2, n ≡ 1 (mod 2)
(n ∈ N).

The Collatz assertion in shortcut form is

∀n ∈ N ∃j ≥ 0 : T j(n) = 1. (1.1)

We study this question by passing from individual shortcut steps to exact odd-to-odd renewals. In this coordinate
system each realized valuation word gives an affine iterate and an integral cylinder, while every proposed global
descent argument can be tested against a single pointwise inequality.

Every orbit meets the odd integers. For an odd integer m define

a(m) := ν2(3m + 1), S(m) := 3m + 1
2a(m) . (1.2)

Then S(m) is odd and records one complete odd-to-odd renewal of the shortcut orbit. The relation between
T and S is elementary but decisive: (1.1) holds if and only if every odd m has an iterate Sj(m) = 1. Thus a
universal argument may be stated entirely on odd integers, where the powers of two actually gained by each odd
step are visible.

Lemma 1.1 (Odd-renewal equivalence). For an odd integer m > 0, the shortcut orbit of m reaches 1 if and only
if the odd-renewal orbit of m under S reaches 1. Consequently the Collatz assertion is equivalent to convergence
of S on the positive odd integers.

Proof. After an odd shortcut step, repeated even shortcut steps divide 3m + 1 by its full 2-adic valuation,
producing S(m). These intervening divisions do not remove or introduce an odd orbit value. Conversely each
S-iterate is a T -iterate. The terminal cycle 1 ↔ 2 for T corresponds to the fixed point S(1) = 1.

The remainder of the paper works with the exact renewal data of S. The central obstruction is not the
derivation of formulas; those formulas are short. It is the pointwise statement that each realized renewal orbit
eventually has enough 2-adic gain, with sufficiently controlled additive correction, to fall below its starting value.
We develop this issue through exact renewal equations and coercive estimates.

2 Valuation words and affine renewal formulae
Let a = (a1, . . . , ak) be a word of positive integers. Put

A0 = 0, Aj = a1 + · · · + aj (1 ≤ j ≤ k), (2.1)

and define integers Cj = Cj(a) recursively by

C0 = 0, Cj+1 = 3Cj + 2Aj . (2.2)

Equivalently,

Ck =
k−1∑
j=0

3k−1−j2Aj . (2.3)

A positive odd integer m realizes a when

a(Sj−1(m)) = aj (1 ≤ j ≤ k). (2.4)

Theorem 2.1 (Exact odd-renewal affine formula). If m realizes a = (a1, . . . , ak), then

Sk(m) = 3km + Ck(a)
2Ak

. (2.5)

In particular,
Sk(m) < m ⇐⇒ (2Ak − 3k)m > Ck(a). (2.6)
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Proof. The assertion is clear at k = 0. Assuming the formula after j renewals and writing aj+1 = a(Sj(m)), one
has

Sj+1(m) = 3Sj(m) + 1
2aj+1

= 3j+1m + 3Cj + 2Aj

2Aj+aj+1
.

The recurrence (2.2) proves (2.5) by induction. Multiplying Sk(m) < m by the positive integer 2Ak gives
(2.6).

Corollary 2.2 (Threshold form). A valuation word produces uniform descent on its realized positive integers
above a finite threshold if and only if 2Ak > 3k. In that case every realized m satisfying

m >
Ck(a)

2Ak − 3k
(2.7)

descends after k renewals.

Proof. If 2Ak > 3k, equation (2.6) is equivalent to (2.7). If 2Ak ≤ 3k, its left-hand side is nonpositive while
Ck > 0, and no positive realized m can satisfy it.

Formula (2.6) is the exact replacement for any heuristic statement about average contraction. A word with
negative logarithmic multiplier is useful only after it is known to occur on the particular orbit under consideration;
and when it occurs, the positive affine correction Ck must still be paid.

3 Realized cylinders in the odd 2-adic line
Let Z×

2 denote the odd 2-adic integers. The function m 7→ a(m) is locally constant away from the single 2-adic
point −1/3, and every finite valuation word cuts out one clopen cylinder.

Lemma 3.1 (One cylinder for a valuation word). For every word a = (a1, . . . , ak) of positive integers there is a
unique odd residue class

ra (mod 2Ak+1) (3.1)

such that an odd integer m realizes a if and only if m ≡ ra (mod 2Ak+1).

Proof. For k = 1, the equality a(m) = a1 is equivalent to

3m + 1 ≡ 2a1 (mod 2a1+1),

which has one odd solution because 3 is invertible modulo every power of 2. Suppose the assertion holds for the
first j valuations. On the corresponding residue class, the affine formula makes Sj(m) an odd affine function of
the free quotient variable. Requiring a(Sj(m)) = aj+1 imposes one nondegenerate congruence modulo 2aj+1+1

after the already acquired denominator 2Aj is cleared. It gives one lift modulo 2Aj+1+1. Induction proves
uniqueness.

Proposition 3.2 (Concatenation law). Let a and b have lengths k and ℓ. If a ⋆ b is their concatenation, then

A(a ⋆ b) = A(a) + A(b), C(a ⋆ b) = 3ℓC(a) + 2A(a)C(b). (3.2)

Proof. Apply (2.5) first to a and then to b:

3ℓ
(
3km + C(a)

)
+ 2A(a)C(b)

2A(a)+A(b) .

Comparison with (2.5) for the concatenated word yields (3.2).

The cylinders in Lemma 3.1 are genuine arithmetical data. They also show why a fixed finite residue depth
cannot merely be declared complete: for every prescribed depth there is a positive residue class that shadows
the 2-adic fixed point −1 for all the visible renewals. The next sections make this obstruction exact.

In particular, a cylinder calculation is not merely symbolic coding. Once a realized prefix is fixed, descent
on that prefix is an explicit inequality on one arithmetic progression; whenever its multiplier contracts, the
threshold in (2.7) leaves only finitely many positive members for direct examination.
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4 The 2-adic shadow of the point −1
The value −1 is not a positive integer, but it is a fixed point of the odd branch of the shortcut transformation in
Z2:

3(−1) + 1
2 = −1. (4.1)

Its positive integer shadows force arbitrarily long initial expanding stretches.

Theorem 4.1 (Arbitrarily long odd-branch shadows). Let M ≥ 2 and let q be an odd positive integer. Put

n = 2M q − 1. (4.2)

For 0 ≤ j ≤ M − 1, all of the first j shortcut steps are odd and

T j(n) = 3j2M−jq − 1, ν2(T j(n) + 1) = M − j + ν2(q) = M − j. (4.3)

In particular T j(n) > n for every 1 ≤ j ≤ M − 1 when q = 1.

Proof. Since n ≡ −1 (mod 4) for M ≥ 2, its first shortcut branch is odd. If (4.3) holds at j < M − 1, then
T j(n) ≡ −1 (mod 4), and hence

T j+1(n) = 3(3j2M−jq − 1) + 1
2 = 3j+12M−j−1q − 1.

This proves the formula by induction. When q = 1, comparison gives

T j(2M − 1) − (2M − 1) = 2M−j(3j − 2j) > 0.

Corollary 4.2 (No bounded direct-prefix cover). For every integer L ≥ 1 there are infinitely many positive
integers for which no prefix of at most L shortcut steps gives descent.

Proof. Choose M > L + 1 in Theorem 4.1 and let n = 2M q − 1 with arbitrary odd q sufficiently large. The first
L steps are the expanding odd branch and therefore cannot descend below n.

This theorem does not refute the Collatz conjecture. It refutes a particular kind of proposed proof: a
bounded-depth argument that expects each residue cylinder to possess a direct decreasing prefix. A successful
argument must assign a quantitative cost to shadowing −1 and show that this cost cannot be replenished
indefinitely.

5 A no-go theorem for stationary finite-rank descent mechanisms
The preceding observation can be strengthened. A finite cylinder automaton with a strict rank descent on every
non-decreasing transition cannot be completed if its transitions are stationary and 2-adically compatible.

Definition 5.1 (Stationary clopen descent system). A stationary clopen descent system consists of a finite
clopen partition P of Z×

2 , a rank map ρ : P → Nd ordered lexicographically, and, for each P ∈ P, a positive
length k(P ) such that Sk(P ) is given by one valuation word throughout P . The state P is declared either:
(i) descending, if Sk(P )(m) < m for all sufficiently large positive integers m ∈ P ; or
(ii) transitional, if Sk(P )(P ) ⊆ P ′ for some P ′ ∈ P with ρ(P ′) < ρ(P ).

Theorem 5.2 (Fixed-point obstruction). No stationary clopen descent system in the sense of Definition 5.1
exists.

Proof. Let P− be the unique member of the clopen partition containing −1 ∈ Z×
2 . Every valuation of the orbit

of −1 under S is 1, and Sk(−1) = −1 for every k. Hence the word assigned to P− is the all-one valuation word
of length k(P−), whose leading multiplier is

3k(P−)

2k(P−) > 1.

By the affine formula, Sk(P−)(m) > m for all sufficiently large positive integers m in the same cylinder. Thus
P− cannot be descending. It must be transitional. But Sk(P−)(−1) = −1 implies that its target state is again
P−. The required strict inequality ρ(P−) < ρ(P−) is impossible.

Remark 5.3. Theorem 5.2 shows that a finite stationary residue rank cannot establish the universal theorem: the
2-adic shadow state forces a self-loop. Any successful descent function must be nonstationary or height-sensitive;
it must measure the finite archimedean cost of shadowing a non-positive 2-adic fixed point rather than assigning
that shadow a permanently lower finite label.
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6 A height-sensitive shadow potential
The obstruction in Theorem 5.2 suggests the correct variable. For an odd positive integer m, set

σ(m) := max{ν2(m + 1) − 1, 0}. (6.1)

Thus σ(m) counts how many further consecutive odd shortcut steps are forced merely by proximity to −1. For
α > 0 define

Ψα(m) := log m + ασ(m). (6.2)

This potential attaches an explicit debt to a long expanding shadow.

Theorem 6.1 (Exact dissipation inside a shadow). Let m be odd with σ(m) ≥ 1, and let α > log(3/2). Then
T (m) is odd,

σ(T (m)) = σ(m) − 1, (6.3)

and
Ψα(T (m)) − Ψα(m) = log

(
3m + 1

2m

)
− α < log(3/2) − α < 0. (6.4)

Proof. The hypothesis means m ≡ −1 (mod 4). Hence (3m + 1)/2 is odd and

T (m) + 1 = 3(m + 1)
2 .

Since 3 is odd, ν2(T (m) + 1) = ν2(m + 1) − 1, proving (6.3). Substitution into (6.2) proves the equality in (6.4),
while (3m + 1)/(2m) < 3/2 proves strict negativity.

Corollary 6.2 (Uniform payment of a long odd run). If m = 2M q − 1 with M ≥ 2 and q odd, then for
0 ≤ j ≤ M − 1,

Ψα(T j(m)) ≤ Ψα(m) − j
(
α − log(3/2)

)
. (6.5)

Proof. Apply Theorem 6.1 repeatedly until the forced shadow has been exhausted.

The potential Ψα repairs the particular defect that defeats stationary cylinder ranks: an integer may grow
while following −1, but it cannot do so without consuming its 2-adic shadow depth. A full proof would now
have to show that later renewals cannot recreate more σ-debt than the archimedean contraction pays for. We
next express that remainder as an exact induced map.

7 The gate set and the induced renewal map
Let

G := {m ∈ N : m odd and ν2(m + 1) = 1} = {m ∈ N : m ≡ 1 (mod 4)}. (7.1)

An element of G has no forced further shadow step. Its next odd renewal may enter a new shadow, but that
shadow is subsequently discharged by Theorem 6.1.

For m ∈ G, define

a = a(m) := ν2(3m + 1) ≥ 2, u = S(m) = 3m + 1
2a

, r = r(m) := ν2(u + 1) ≥ 1. (7.2)

Define R(m) to be the first member of G reached after applying S once to m and then discharging the forced −1
shadow. Explicitly,

R(m) =


u, r = 1,

3r−1 u + 1
2r−1 − 1, r ≥ 2.

(7.3)

The same formula is valid at r = 1.

Proposition 7.1 (Gate-renewal formula). For every m ∈ G one has R(m) ∈ G and

R(m) + 1 =
3r−1(3m + 1 + 2a

)
2a+r−1 . (7.4)

Moreover, the odd orbit of m converges to 1 if and only if the orbit of m under R reaches 1.
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Proof. The quantity u is odd. If r ≥ 2, then the next r − 1 odd-renewal valuations equal 1 and the identity
x + 1 7→ 3(x + 1)/2 iterates to

Sr−1(u) + 1 = 3r−1(u + 1)
2r−1 .

Its right-hand side has 2-adic valuation one, hence the resulting value belongs to G; the case r = 1 is immediate.
Substitution of u = (3m + 1)/2a gives (7.4). Between successive gate returns only forced shadow renewals are
suppressed, so reaching 1 is equivalent for the two induced dynamics.

Definition 7.2 (Gate increment). For m ∈ G put

Γ(m) := log R(m)
m

. (7.5)

Pointwise convergence follows from any theorem forcing a negative partial sum of Γ on every orbit before the
orbit revisits a larger gate state indefinitely.

The map R is a genuine replacement for a stationary finite automaton: it has discharged the unique unbounded
family of forced odd shadows exactly, while retaining the remaining arithmetical difficulty in a single odd-to-odd
transformation on m ≡ 1 (mod 4).

8 Exact congruence geometry of gate renewals
For fixed integers a ≥ 2 and r ≥ 1, let

Ga,r := {m ∈ G : a(m) = a, r(m) = r}. (8.1)

The gate decomposition has an exact finite-congruence description.

Lemma 8.1 (Gate cylinder lemma). For every a ≥ 2 and r ≥ 1, the set Ga,r is one residue class modulo 2a+r+1

inside G. Its relative Haar measure in G ⊂ Z×
2 is

µG(Ga,r) = 2−(a−1)2−r. (8.2)

Proof. On G the condition a(m) = a is

3m + 1 ≡ 2a (mod 2a+1),

and it occupies relative measure 2−(a−1) because a ≥ 2. Once a is fixed, the quotient u = (3m + 1)/2a varies
through the odd 2-adics with Haar measure under the remaining binary digits. The condition ν2(u + 1) = r
occupies relative measure 2−r. The two congruence requirements combine into one class modulo 2a+r+1 because
each is nondegenerate and their prescribed binary digits are successive.

Corollary 8.2 (Leading gate multiplier). On Ga,r,

lim
m→∞

m∈Ga,r

R(m)
m

= Ma,r := 3r

2a+r−1 . (8.3)

Proof. Divide (7.4) by m and let m tend to infinity within its arithmetic progression.

The pair (a, r) has a transparent interpretation. The valuation a is immediate contraction at a gate; the
integer r − 1 is newly created shadow depth. Its repayment costs r − 1 expanding odd steps. Formula (8.3)
records the net leading balance of that full renewal.

9 Haar-integral contraction on the gate space
The gate decomposition supplies an integral calculation that is exact, not probabilistic rhetoric. It establishes
contraction in Haar mean while simultaneously showing why that contraction is not by itself a pointwise theorem.

Theorem 9.1 (Logarithmic gate drift). With relative Haar measure on G, the leading logarithmic multiplier
satisfies ∫

G
log M(m) dµG(m) =

∞∑
a=2

∞∑
r=1

2−(a−1)2−r log
(

3r

2a+r−1

)
= log 9

16 < 0. (9.1)

INTERNATIONAL JOURNAL OF INVENTIONS IN ENGINEERING AND SCIENCE TECHNOLOGY 119

http://www.ijiest.in


International Journal of Inventions in Engineering & Science Technology http://www.ijiest.in

Proof. The geometric distributions in Lemma 8.1 have expectations
∞∑

a=2
a 2−(a−1) = 3,

∞∑
r=1

r 2−r = 2.

Therefore the double sum in (9.1) is

2 log 3 − (3 + 2 − 1) log 2 = log(9/16).

Absolute convergence follows from the exponential weights.

Theorem 9.2 (Fractional moment contraction). For θ > 0 for which 3θ < 21+θ, set

κ(θ) :=
∫

G
M(m)θ dµG(m). (9.2)

Then
κ(θ) = 3θ

(21+θ − 1)(21+θ − 3θ) . (9.3)

Moreover, there is θ0 > 0 such that 0 < θ < θ0 implies κ(θ) < 1.

Proof. Using Lemma 8.1 and (8.3),

κ(θ) =
∞∑

a=2
2−(a−1)2−θ(a−1)

∞∑
r=1

2−r

(
3
2

)θr

.

Both are geometric series, giving (9.3). Since κ(0) = 1 and differentiation under the absolutely convergent series
gives

κ′(0) =
∫

G
log M dµG = log(9/16) < 0,

continuity yields the last assertion.

This integral contraction is a genuine theorem. It does not imply that every gate orbit descends, since
a zero-measure or sparse set may evade an averaged inequality. It does, however, locate the required new
mathematics more sharply than a stationary residue-rank argument: one must turn gate-average contraction
into pointwise control of the exceptional renewals.

10 Affine corrections and the exact gate cocycle
The leading multiplier alone does not describe finite integers. Put

R(m) = Ma,rm + Ba,r (m ∈ Ga,r), (10.1)

where the equality is understood on the associated arithmetic progression. From (7.4),

Ba,r = 3r−1(1 + 2a)
2a+r−1 − 1. (10.2)

Although Ba,r is rational, the expression in (10.1) is integral on its cylinder.

Lemma 10.1 (Exact affine gate formula). For m ∈ Ga,r,

R(m) = 3rm + 3r−1(1 + 2a) − 2a+r−1

2a+r−1 . (10.3)

For a gate word g = ((a1, r1), . . . , (ak, rk)), there are integers Dg > 0 and Eg such that

Rk(m) = 3Rk m + Eg

2Qk
, Rk =

k∑
j=1

rj , Qk =
k∑

j=1
(aj + rj − 1), (10.4)

for every m realizing the word.
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Proof. Equation (10.3) is (7.4) after subtracting one and collecting terms. The composition of two maps of form
(3rm + E)/2q again has that form; induction yields (10.4), with

Ej+1 = 3rj+1Ej + 2Qj
(
3rj+1−1(1 + 2aj+1) − 2aj+1+rj+1−1).

Integrality follows from realization of the gate cylinders.

Proposition 10.2 (Gate-word descent criterion). A realized gate word g produces descent after k gate renewals
precisely when

(2Qk − 3Rk )m > Eg. (10.5)

In particular, a uniform large-m descent threshold exists when Qk > Rk log2 3.

Proof. Clear denominators in (10.4), exactly as in Theorem 2.1.

Equation (10.5) is the natural nonstationary renewal inequality. Unlike a fixed parity-block rank, it has
already paid the complete −1 shadow created at each gate, so the only remaining obstruction is a sequence of
gate blocks whose cumulative net exponent Qk − Rk log2 3 never yields a usable descent threshold.

11 The single pointwise renewal–coercivity inequality
Let m ∈ G and write

m0 = m, mj = Rj(m) (j ≥ 1).

The first k gate passages determine realized pairs gk(m) = ((a1, r1), . . . , (ak, rk)) and therefore, by Lemma 10.1,
integers

Rk(m) =
k∑

j=1
rj , Qk(m) =

k∑
j=1

(aj + rj − 1), Ek(m) ∈ Z,

such that
Rk(m) = 3Rk(m)m + Ek(m)

2Qk(m) . (11.1)

Define the renewal–coercivity surplus of this realized prefix by

Ck(m) :=
(
2Qk(m) − 3Rk(m))m − Ek(m). (11.2)

Thus Ck(m) retains the affine correction: it is not merely the logarithmic excess Qk − Rk log2 3.

Theorem 11.1 (Pointwise renewal–coercivity criterion). The following statements are equivalent.
(i) Every positive integer reaches 1 under the shortcut map T .

(ii) For every m ∈ G with m > 1, there exists k ≥ 1 for which the single pointwise inequality

Ck(m) > 0. (RC)

holds.
(iii) For every m ∈ G with m > 1, some gate return is strictly lower than its initial gate value:

∃k ≥ 1 : Rk(m) < m. (11.3)

In particular, proving (RC) for every positive gate value is precisely the remaining universal convergence statement
in the renewal coordinates.

Proof. We prove the equivalences without omitting the suppressed orbit segments.
First, (ii) and (iii) are identical statements in different coordinates. For a realized gate prefix, equation (11.1)

and positivity of 2Qk(m) give

Rk(m) < m ⇐⇒ 3Rk(m)m + Ek(m) < 2Qk(m)m ⇐⇒ Ck(m) > 0. (11.4)

This is an equality-preserving rearrangement; no estimate or averaging enters it.
Assume (iii). Let n be a positive integer. After finitely many divisions by two its T -orbit reaches an odd

value y. If y = 1 there is nothing to prove. Otherwise either y ∈ G, or y ≡ −1 (mod 4). In the latter case write
s = ν2(y + 1) − 1 ≥ 1. For every 0 ≤ j ≤ s the forced-shadow identity used in Theorem 6.1 gives

Sj(y) + 1 = 3j(y + 1)
2j

, ν2(Sj(y) + 1) = ν2(y + 1) − j. (11.5)
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Consequently Ss(y) ∈ G. Hence every positive orbit either has already reached 1 or reaches a gate value m0 ∈ G
after finitely many ordinary odd renewals.

Suppose m0 > 1. By (iii) choose k0 such that m1 := Rk0(m0) < m0. If m1 > 1, apply (iii) again to obtain a
later gate value m2 < m1, and so on. Each mi is a positive integer and

m0 > m1 > m2 > · · · . (11.6)

There is no infinite strictly decreasing sequence of positive integers. Therefore this selected gate subsequence
terminates at mν = 1 for some ν. The map R suppresses only finitely many explicit odd-renewal steps between
two consecutive gate values, and S suppresses only finite even divisions in the shortcut orbit. Reinstating these
steps shows that the original T -orbit of n reaches 1. Thus (iii) implies (i).

Conversely assume (i), and fix m ∈ G with m > 1. The orbit of m under T reaches 1. Proposition 7.1 states
that deleting the finite forced-shadow segments gives exactly the R-orbit, and 1 ∈ G because ν2(1 + 1) = 1.
Hence Rj(m) = 1 for some j ≥ 1. Since 1 < m, the finite gate orbit contains a first index k with Rk(m) < m,
proving (iii). Equation (11.4) then gives (ii).

Definition 11.2 (Renewal–coercivity assertion). We write RC for the universally quantified assertion in Theorem
11.1(ii): for every m ∈ G, m > 1, some realized gate prefix satisfies Ck(m) > 0.

Proposition 11.3 (Isolation of the remaining pointwise inequality). After Sections 2–10 have constructed the
odd-renewal map, removed the forced −1 shadow, and written the gate return in affine form, the Collatz assertion
is equivalent to the single statement

∀m ∈ G, m > 1, ∃k ≥ 1 :
(
2Qk(m) − 3Rk(m))m > Ek(m). (11.7)

No second descent condition, residue condition, averaged estimate, or stationary finite-rank hypothesis is logically
needed once (11.7) is available.

Proof. The proof is only bookkeeping, but it is the bookkeeping on which the whole reduction rests. Lemma
10.1 gives the exact identity

2Qk(m)Rk(m) = 3Rk(m)m + Ek(m)

for the realized gate prefix of length k. Because the multiplier 2Qk(m) is positive, (11.7) is exactly the inequality

2Qk(m)m > 2Qk(m)Rk(m),

which is exactly Rk(m) < m. Thus (11.7) is neither stronger nor weaker than strict descent at some later gate
return.

It remains only to check that gate descent is equivalent to ordinary convergence. Every positive integer
reaches an odd integer after finitely many divisions by two. An odd integer is either already a gate value, or lies
in a finite forced shadow of the 2-adic point −1; the identity

Sj(y) + 1 = 3j(y + 1)/2j

shows that this shadow loses one unit of 2-adic depth at each odd renewal and therefore reaches a gate value
after finitely many steps. If every non-unit gate value has a later smaller gate return, repeated application
gives a strictly decreasing sequence of positive integers. Such a sequence is finite, hence it must terminate at
1. Reinstating the suppressed even divisions and finite shadow segments proves convergence of the original
orbit. Conversely, if every original orbit reaches 1, then the gate orbit of any m ∈ G, m > 1, also reaches 1 after
deletion of only finite shadow segments; therefore it contains a first gate value below m, and the affine identity
converts this first descent back into (11.7). This proves the asserted equivalence and uniqueness of the remaining
pointwise inequality.

Remark 11.4 (Logical status of the criterion). The theorem completely proves that one pointwise inequality
is necessary and sufficient for universal convergence. The exact affine formulas, shadow dissipation, integral
drift and finite computations proved below do not, by themselves, prove RC for all m. A proof of that universal
inequality would be a proof of the Collatz assertion by the theorem just established.

12 Cycle equations in gate coordinates
A nontrivial positive cycle would be a periodic orbit for S, hence for the induced gate map after shadow
compression. The affine gate formula imposes a rigid divisibility equation.
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Theorem 12.1 (Gate-cycle divisibility equation). Suppose that a gate word g of length k is realized by a positive
periodic point m ∈ G of R. Then

(2Qk − 3Rk )m = Eg > 0, (12.1)

so necessarily
2Qk > 3Rk , 2Qk − 3Rk | Eg. (12.2)

Conversely, an integer produced by (12.1) is a cycle point only if it also lies in the gate cylinder realizing g.

Proof. Set Rk(m) = m in (10.4) and clear denominators. The positivity of m and of the exact affine numerator
correction on a realized positive orbit forces 2Qk − 3Rk > 0. Divisibility follows. Conversely, the affine equality
does not determine the intervening valuations; cylinder compatibility remains necessary.

Corollary 12.2 (Cycle average constraint). Any positive gate cycle satisfies

Qk

Rk
> log2 3. (12.3)

Proof. This is the logarithm of the strict inequality in (12.2).

The theorem is complete as a cycle filter, but it does not exclude all possible cycles without an additional
Diophantine argument or an exhaustive bound. It should therefore be used as a rigorous restriction rather than
as an unsupported cycle-elimination conclusion.

13 An integral transfer operator
For 0 < θ < θ0 as in Theorem 9.2, define on bounded continuous functions on the gate space the leading transfer
operator

(Lθf)(x) :=
∞∑

a=2

∞∑
r=1

2−(a−1)2−rMθ
a,rf(φa,rx), (13.1)

where φa,r denotes the inverse branch of the 2-adic gate shift on its cylinder. The operator is the exact
Haar-linearization of gate renewal at the leading multiplicative level.

Proposition 13.1 (Spectral contraction of constants). For 0 < θ < θ0,

Lθ1 = κ(θ)1, 0 < κ(θ) < 1. (13.2)

Consequently, ∫
G

Mk(x)θ dµG(x) = κ(θ)k, (13.3)

where Mk is the product of the first k leading gate multipliers.

Proof. The first identity is Theorem 9.2. The gate branch digits occupy disjoint successive 2-adic coordinate
blocks, so Haar integration after one branch renews the same distribution; iteration yields (13.3).

Corollary 13.2 (Exceptional leading-multiplier bound). For every 0 < θ < θ0 and λ > 0,

µG{x : Mk(x) ≥ λ} ≤ λ−θκ(θ)k. (13.4)

Proof. Apply Markov’s inequality to the nonnegative function Mθ
k and use (13.3).

Equation (13.4) is a strict exponential measure estimate for the leading exceptional gate cylinders. It is not
pointwise: nonempty nested exceptional cylinders may have zero Haar measure. This is exactly why average
contraction does not prove the conjecture, and it is the reason the paper does not replace RC by an averaged
claim.

14 Affine correction control on expanding gate words
The affine correction in (10.4) is positive on realized words and must be compared with the leading surplus. The
next estimates are elementary but prevent an illegitimate passage from multiplier bounds to integer descent.
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Lemma 14.1 (Correction expansion). For a realized gate word g = ((a1, r1), . . . , (ak, rk)), write qj = aj + rj − 1
and

ej = 3rj−1(1 + 2aj ) − 2qj . (14.1)
Then

Ek =
k∑

j=1
3Rk−Rj 2Qj−1ej , (14.2)

where Q0 = R0 = 0.

Proof. The recurrence in Lemma 10.1 is Ej = 3rj Ej−1 + 2Qj−1ej . Expansion by induction gives (14.2).

Proposition 14.2 (A usable deterministic sufficient condition). Suppose a realized gate word satisfies 2Qk > 3Rk

and
k∑

j=1

3Rk−Rj 2Qj−1 max(ej , 0)
2Qk − 3Rk

< m. (14.3)

Then Rk(m) < m.

Proof. By (14.2), Ek is bounded above by the numerator on the left of (14.3). The conclusion follows from
(10.5).

The point of (14.3) is that it keeps every affine cost visible. A proposed proof of RC must control this sum
along every realized gate word; it cannot rely solely on the sign of Qk − Rk log2 3.

15 The minimal-counterexample form of renewal coercivity
The traditional well-ordering reduction remains useful after the stationary rank has been removed.

Proposition 15.1 (Minimal-counterexample criterion). Assume that for every m ∈ G, m > 1, either Rj(m) < m
for some j ≥ 1, or m lies on the fixed orbit m = 1. Then every positive integer reaches 1 under T .

Proof. If the assertion fails, choose the least odd positive integer m0 whose S-orbit does not reach 1. Discharge
its finite initial shadow to reach a gate value g on the same nonconvergent orbit. If g < m0, minimality is
contradicted; otherwise apply the hypothesis at g to find an iterate below g on the same orbit, and repeat until a
value below m0 occurs. That value is a smaller nonconvergent odd integer, a contradiction. Lemma 1.1 returns
the conclusion for all positive integers.

Corollary 15.2. A proof of RC is enough for unconditional closure and contains both cycle exclusion and
divergent-orbit exclusion automatically.

Proof. The condition RC is precisely a gate descent below the initial integer, by Theorem 11.1; apply Proposition
15.1.

The problem is placed into one theorem: a pointwise descent inequality for the induced gate map after the
2-adic fixed-point shadow has been dissipated exactly.

16 Why a finite stationary computation cannot prove RC
It is tempting to test (11.2) through a fixed binary depth and infer universality from a successful prefix search.
The following proposition shows why this inference cannot be made without a height-sensitive continuation
argument.

Proposition 16.1 (Persistent unresolved subcylinders). Fix any finite depth K. There is a clopen positive-
integer cylinder of odd starting values agreeing with −1 modulo 2K on which the first K − 1 shortcut steps are
expanding odd steps. Refining the cylinder to any larger finite depth produces a nonempty subcylinder with the
same property for the refined visible length.

Proof. The first statement is Theorem 4.1 with n ≡ −1 (mod 2K). For refinement depth K ′ > K, use the
positive integers congruent to −1 modulo 2K′ . Each refined cylinder is nonempty, containing 2K′ − 1, and
shadows the same 2-adic fixed point for K ′ − 1 expanding steps.

Remark 16.2. The proposition does not say that these integers fail to converge. For instance, each concrete value
eventually leaves its initial all-odd shadow. It says that no fixed finite cylinder depth can certify this departure
uniformly for every refinement of the −1 cylinder. A finite proof object therefore requires a new nonstationary
argument, such as a globally coercive renewal potential, rather than a finite stationary rank table.
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17 A precise continuation target
The preceding sections supply a new construction and its exact boundary. Define

D(m) := inf
k≥1

(
Rk(m) − m

)
, m ∈ G. (17.1)

The pointwise renewal theorem is the statement D(m) < 0 for every m > 1 in G. A useful sufficient form is a
coercive potential inequality.

Theorem 17.1 (Potential completion theorem). Suppose there is a function V : G → [0, ∞) and a constant
ε > 0 such that:
(i) V (m) → ∞ as m → ∞ through G;

(ii) V (m) = 0 if and only if m = 1;
(iii) for every m ∈ G, m > 1, there is 1 ≤ j ≤ J(m) with

V (Rj(m)) ≤ V (m) − ε. (17.2)

Then every positive integer reaches 1.

Proof. Iterating (17.2) produces a strictly decreasing nonnegative sequence of V -values by at least ε at each
selected renewal, so after finitely many selections the orbit reaches the zero set of V , which is {1}. The shadow
segments omitted in the induced map are finite, and Lemma 1.1 gives convergence under T .

The potential Ψα proves the required inequality on every forced shadow segment, not at every gate re-entry.
Thus it is a proved component of a possible V , but not yet the full V . The universal missing assertion has been
reduced to a single analytic construction: extend shadow dissipation across all gate renewals without losing the
strict decrement.

18 Local energy inequalities for a candidate potential
A natural candidate combines archimedean size with a gate correction. For m ∈ G and parameters α, β > 0, put

Vα,β(m) = log m + β log(1 + m−1) + ασ(m). (18.1)

On G, σ(m) = 0, while on intervening shadows it records exact dissipation. The logarithmic correction is
introduced solely to control the additive +1 in 3m + 1.

Lemma 18.1 (One-step correction identity). For odd m and a = a(m),

log S(m) − log m = log 3 − a log 2 + log
(

1 + 1
3m

)
. (18.2)

Consequently
log S(m) − log m ≤ log 3 − a log 2 + 1

3m
. (18.3)

Proof. Write S(m) = 3m(1+1/(3m))/2a and take logarithms. The inequality uses log(1+x) ≤ x for x > −1.

Proposition 18.2 (Summed renewal bound). For any realized odd-renewal word (a1, . . . , ak) beginning at
m0 = m and producing values mj = Sj(m),

log mk

m
≤ k log 3 − Ak log 2 + 1

3

k−1∑
j=0

1
mj

. (18.4)

Proof. Sum (18.3) over the realized orbit segment.

This inequality shows exactly what a global construction must dominate. Sufficient cumulative valuation
gain gives a negative main term; the only additive loss is the reciprocal orbit sum. A universal theorem proving
that every non-descending orbit segment eventually acquires valuation gain exceeding this reciprocal cost would
prove RC.
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19 A renewal inequality that would complete the proof
The next theorem is an implication, proved in full, that specifies a mathematically minimal new estimate.

Definition 19.1 (Uniform reciprocal-compensated surplus). Let m0 = m and mj = Sj(m). We say that m has
reciprocal-compensated surplus if there is k ≥ 1 such that

Ak log 2 − k log 3 >
1
3

k−1∑
j=0

1
mj

. (19.1)

Theorem 19.2 (Reciprocal-surplus completion). If every odd m > 1 has reciprocal-compensated surplus, then
the Collatz conjecture holds.

Proof. By Proposition 18.2, (19.1) implies log(mk/m) < 0, hence mk < m. Every odd positive integer then has
a strictly smaller odd iterate unless it equals 1. A minimal-counterexample argument, as in Proposition 15.1,
proves convergence.

Remark 19.3. The theorem is stated with its hypothesis explicit. The condition has no unverified finite-state
component: it is an explicit inequality along the realized orbit. Its proof, or the construction of a potential
forcing it, is the remaining universal problem.

The estimate (19.1) is structurally well adapted to the 2-adic shadow. Along a forced all-odd shadow, Ak = k
and the main term is negative; the potential Ψα pays that expansion through loss of σ. At a gate, large
a(m) contributes an immediate positive surplus. Thus a successful proof must show that the gate contractions
compensate every renewed shadow debt pointwise.

20 Finite arithmetic verification of the new identities
The theorems above involve no floating-point approximation. Every affine identity may be checked by integer
arithmetic. For a realized valuation word a, define

Na(m) := 3km + Ck(a), Da := 2Ak . (20.1)

Then the correctness assertion is the divisibility and equality statement

Da | Na(m), Sk(m) = Na(m)/Da. (20.2)

Likewise, for a gate word g the equality (10.4) is checked after multiplying by 2Qk .

Proposition 20.1 (Verification invariants). The following identities are sufficient to replay every unconditional
algebraic theorem in Sections 2–19:

Cj+1 = 3Cj + 2Aj , Aj+1 = Aj + aj+1, (20.3)
2Ak Sk(m) = 3km + Ck, 2Qk Rk(m) = 3Rk m + Ek, (20.4)

(2Ak − 3k)m − Ck > 0 ⇐⇒ Sk(m) < m, (20.5)
(2Qk − 3Rk )m − Ek > 0 ⇐⇒ Rk(m) < m. (20.6)

Proof. Equations (20.3)–(20.4) are the recurrences already proved in Theorem 2.1 and Lemma 10.1; equations
(20.5)–(20.6) are obtained by clearing positive denominators.

The accompanying source package includes a small exact-arithmetic script that verifies these identities on
selected cylinders and verifies the closed-form Haar integrals symbolically. Such checks support the displayed
calculations; they are not used to infer the unproved pointwise condition RC.

21 Continuous development of the gate-renewal argument
The remaining analytic and arithmetic development belongs to the main argument. It records the full branch
structure, the affine correction current, the expanding-branch obstruction, and the pointwise descent criterion in
the order in which they enter the proof. Only residue lifting and finite verification details are deferred to the
appendix.
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22 The odd reduction as an exact quotient construction
The passage from T to S is more than a convenient acceleration. It is the quotient of the shortcut orbit by
maximal consecutive strings of even divisions. Let m be odd. Since 3m + 1 is even, write uniquely

3m + 1 = 2a(m)S(m), a(m) ≥ 1, S(m) odd. (L.1)

If a(m) = a, the full shortcut segment from m to S(m) has one odd branch followed by a − 1 even branches.
Hence every occurrence of a large valuation is a genuine archimedean contraction, not a formal accounting term.
Conversely, every odd value visited by the shortcut dynamics occurs in this quotient chain. The odd reduction
therefore retains exactly the events relevant to descent between odd values.

For a word a = (a1, . . . , ak), the quotient segment uses Ak = a1 + · · · + ak shortcut denominating powers of
two and exactly k multiplications by 3. Consequently its leading ratio is 3k/2Ak . The correction term Ck records
the +1 added on each of the k odd branches after transport through later multiplications by 3. A pointwise
descent theorem must control both quantities. The sign of

Λ(a) := Ak log 2 − k log 3 (L.2)

is the leading criterion, while the positive quotient

Θ(a) := Ck

2Ak − 3k
(L.3)

is the exact finite-value threshold whenever Λ(a) > 0.
The old parity-block description records a word in zeros and ones at every shortcut step. The valuation

coordinate contracts each odd branch together with its forced even aftermath into a single positive integer. It
is therefore shorter, exact, and adapted to the only mechanism capable of overwhelming multiplication by 3:
accumulated 2-adic valuation. No numerical approximation occurs in this compression; all identities arise by
clearing powers of two in (L.1).

23 An explicit inverse congruence for valuation cylinders
Lemma 3.1 may be sharpened to a recursive inverse formula. Define R1(a1) by

R1(a1) ≡ 3−1(2a1 − 1) (mod 2a1+1). (M.1)

It is odd, and every odd integer in this class has first valuation exactly a1. Now assume that Rj has been
constructed modulo 2Aj+1 for the word (a1, . . . , aj). For

m = Rj + 2Aj+1t, (M.2)

write
Sj(m) = uj + 2t 3j , (M.3)

where uj = Sj(Rj) is odd; the coefficient is even because one extra digit in the realization modulus was retained.
The next exact valuation condition is

3(uj + 2t3j) + 1 ≡ 2aj+1 (mod 2aj+1+1). (M.4)

After dividing by the forced factor 2 when necessary, the remaining coefficient of t is odd, so (M.4) determines
one binary residue block of length aj+1. This produces Rj+1 uniquely modulo 2Aj+1+1.

The point of retaining the “+1” in the modulus exponent is conceptual. If one asked only that 2ai divide
3Si−1(m) + 1, the resulting set would include all valuations larger than ai and would not specify a branch. The
additional bit excludes the next divisibility and creates a genuine partition of the odd 2-adic line. Thus any
finite computation on valuation words can be verified by modular arithmetic alone: the word determines its
cylinder, the cylinder determines its affine iterate, and the affine iterate determines exact descent after clearing
its positive denominator.

This explicit lifting procedure is also useful when a proposed universal inequality is tested. A counterexample
to a candidate block inequality is not a numerical anomaly: it belongs to a uniquely determined cylinder, and
every integer in that cylinder has the same visible valuations. Refinement proceeds by appending one more
valuation and repeating (M.4).
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24 Correction terms, positivity, and monotonicity in the starting
value

For a fixed realized word with 2Ak > 3k, the descent difference is

m − Sk(m) = (2Ak − 3k)m − Ck

2Ak
. (N.1)

Its numerator is affine and strictly increasing in m. Hence descent on a valuation cylinder has a single threshold:
once one realized member above the threshold descends, all larger realized members of the same arithmetic
progression descend. This monotonicity justifies finite checking of the finitely many small members that lie
below a proven threshold; it does not provide a universal word for cylinders whose visible leading multiplier is
expanding.

The correction constant has simple upper and lower bounds. Since Aj ≥ j,

Ck =
k−1∑
j=0

3k−1−j2Aj ≥
k−1∑
j=0

3k−1−j2j = 3k − 2k. (N.2)

If ai ≤ A for 1 ≤ i ≤ k, then Aj ≤ Aj and

Ck ≤
k−1∑
j=0

3k−1−j2Aj . (N.3)

These estimates show why the affine term cannot simply be absorbed by a leading drift statement. Words with
late large valuations can have a favorable leading multiplier while still possessing a large transported correction;
the exact threshold (L.3) must be respected.

For a periodic word the correction is even more rigid. A cycle point satisfies

m = Ck

2Ak − 3k
. (N.4)

Thus a cycle is simultaneously an exponent inequality, a divisibility event, and a cylinder-membership condition.
The positivity of Ck immediately excludes all words with 2Ak ≤ 3k from positive cycles. What it does not do is
exclude every word with positive surplus. That final exclusion would require either a complete Diophantine
argument over all words or a descent theorem that eliminates recurrent gate dynamics.

25 Positive shadows of the non-positive fixed point
For each M ≥ 2 the congruence class

SM = −1 + 2MZ (O.1)

contains infinitely many positive integers and is a neighborhood of −1 in the 2-adic topology. Every positive odd
n ∈ SM has the same first M − 1 shortcut branches as −1. If n = 2M q − 1 with q odd, then

T j(n) + 1 = 3j2M−jq, 0 ≤ j ≤ M − 1. (O.2)

The ratio along this visible prefix approaches (3/2)j as n grows in the class. Therefore each fixed depth exhibits
an expanding cylinder, even though none of its individual positive members is asserted to remain in that cylinder
forever.

This phenomenon distinguishes two forms of proof. A dynamically correct argument may use the fact that a
concrete positive integer has finite 2-adic distance from −1 and therefore eventually leaves its initial shadow. A
stationary finite residue argument sees only a clopen neighborhood: it must handle the 2-adic point −1 together
with all positive integers in that state. Since −1 never leaves and its branch is expanding in the archimedean
leading coefficient, strict state-rank descent fails at that vertex.

The obstruction has a useful geometric formulation. Let d2(x, −1) = 2−ν2(x+1) be the 2-adic distance to the
fixed point. During the forced shadow,

d2(T j(n), −1) = 2jd2(n, −1), (O.3)

while the archimedean size grows by approximately (3/2)j . The shadow potential compensates the archimedean
growth by charging for small d2. Thus the failure of a stationary rank is not a dead end; it identifies the
appropriate continuous resource to be spent during a long apparent ascent.
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26 A general obstruction theorem for clopen descent proofs
The fixed-point argument is not peculiar to one notation. Let X be a compact totally disconnected space
containing a dense subset X+ of positive integers, and let F be a continuous branch map on a clopen neighborhood
of a point z ∈ X \ X+ such that F (z) = z. Suppose that for each compatible iterate length k there are elements
x ∈ X+ arbitrarily close to z with a size functional h satisfying h(F k(x)) > h(x). Then no finite clopen partition
can certify global descent by declaring every state either eventually h-descending or strictly rank-lowering under
a compatible iterate.

Indeed, the state containing z cannot be descending because it contains arbitrarily close positive shadows
with expanding compatible iterates. Its assigned transition returns z to the state containing z, so it cannot
strictly lower any rank. In the present Collatz application, take

X = Z×
2 , X+ = {1, 3, 5, . . .}, z = −1, h(m) = m, (P.1)

and use F = S on the local all-one valuation branch. Theorem 4.1 supplies the positive shadows.
This abstract statement makes clear what was wrong with the stationary finite-state formulation: a finite

residue-state rank sought a strictly descending finite graph in a space whose 2-adic completion contains a
stationary expanding shadow point. The obstruction does not depend on the size of a searched base interval or
on the number of residue rows; increasing either merely refines the neighborhood of the same fixed point. A
successful proof cannot be a stationary clopen descent proof. It must exploit a quantity not constant on the
nested shadows, such as their actual 2-adic depth or the finite height at which an individual integer exits the
fixed-point neighborhood.

27 Exact shadow energy and the choice of coefficient
The potential

Ψα(m) = log m + α max{ν2(m + 1) − 1, 0} (Q.1)
is defined on positive odd integers. Suppose ν2(m + 1) ≥ 2. Its next shortcut value is odd, and the identity

T (m) + 1 = 3(m + 1)
2 (Q.2)

gives one unit of loss in the valuation term. The exact potential increment is

∆Ψα(m) = log
(

3m + 1
2m

)
− α. (Q.3)

Since
log
(

3m + 1
2m

)
= log

(
3
2 + 1

2m

)
, (Q.4)

the sharp uniform upper bound over positive m in a deep shadow is approached as m → ∞ and equals log(3/2).
Therefore every coefficient

α > log(3/2) (Q.5)
forces strict dissipation on every shadow step. The strictness is uniform:

∆Ψα(m) < −δ, δ := α − log(3/2) > 0. (Q.6)

There is no corresponding choice of a constant coefficient that automatically controls arbitrary gate steps. At
a gate m ≡ 1 (mod 4), the valuation debt term is initially zero, while the return may create a new shadow of
arbitrarily large depth. Thus the shadow potential proves a complete local theorem but requires an additional
gate correction for universality. This is a mathematically useful separation: the entire all-odd obstruction is
solved exactly, and no unsupported assumption is made at the re-entry stage where a new deep shadow can be
created.

28 The induced gate return in numerator coordinates
Let m ≡ 1 (mod 4), and write

3m + 1 = 2au, a ≥ 2, u odd. (R.1)
The value u is the immediate odd renewal. If u + 1 = 2rv with v odd, then r − 1 all-one shadow steps follow
when r ≥ 2, and the first return to the gate set satisfies

R(m) + 1 = 3r−1v 2. (R.2)
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Substituting v = (u + 1)/2r gives

R(m) + 1 = 3r−1(u + 1)
2r−1 = 3r−1(3m + 1 + 2a)

2a+r−1 . (R.3)

Every quantity is integral on the cylinder where a and r are fixed. The induced branch takes the affine form

R(m) = 3rm + e(a, r)
2a+r−1 , e(a, r) = 3r−1(1 + 2a) − 2a+r−1. (R.4)

The correction is always positive: if r = 1, then e(a, 1) = 1, while if r ≥ 2, then 3r−1 > 2r−1 and e(a, r) > 0.
Expansion or contraction is therefore decided first by the leading slope and, in the contracting case, by a positive
threshold. For example, (a, r) = (2, 3) gives e = 29 > 0, yielding the initial expansion 9 7→ 17. The pair
(a, r) = (4, 1) gives

R(m) = 3m + 1
16 , (R.5)

which is strongly contracting on its cylinder. A universal proof must therefore operate over concatenated gate
words, in which negative and positive branch corrections are transported by later factors of 3 and powers of two
according to (14.2).

29 Gate cylinders and normalized Haar measure
The gate set G = 1 + 4Z2 is a compact probability space after normalizing Haar measure. On G, multiplication by
3 and translation by 1 preserve the binary nondegeneracy needed to read valuation digits. The event a(m) = a
occupies the congruence

3m + 1 ≡ 2a (mod 2a+1), a ≥ 2. (S.1)

Among gate residues, this fixes a − 1 further binary digits and therefore has measure 2−(a−1). Conditional on
this event, the quotient u = (3m + 1)/2a is distributed over odd 2-adic integers by an affine bijection on the
remaining tail. The event r = ν2(u + 1) fixes precisely r further digits with measure 2−r. Hence

µG(Ga,r) = 2−(a−1)2−r. (S.2)

Summing over a ≥ 2 and r ≥ 1 gives
∞∑

a=2

∞∑
r=1

2−(a−1)2−r = 1, (S.3)

so the decomposition is complete up to the unique non-integral 2-adic singular path where a valuation would be
infinite. Positive integer orbits do not meet such a path.

The cylinder distribution is exact and gives an honest integral theorem. It does not assert independence along
one fixed positive orbit in the archimedean sense. Rather, it states that successive inverse branches partition
Haar measure in the gate 2-adic space. This distinction is essential: a transfer operator controls the measure of
exceptional cylinders, whereas the conjecture asks for the absence of every exceptional positive integer orbit.

30 A closed calculation of the fractional moment factor
For the leading gate multiplier

Ma,r = 3r

2a+r−1 , (T.1)

let 0 < θ satisfy 3θ < 21+θ. The normalized θ-moment is

κ(θ) =
∞∑

a=2

∞∑
r=1

2−(a−1)2−r

(
3r

2a+r−1

)θ

. (T.2)

Setting b = a − 1 separates the variables:

κ(θ) =
( ∞∑

b=1
2−(1+θ)b

)( ∞∑
r=1

(
3θ

21+θ

)r
)

. (T.3)

Summation gives

κ(θ) = 3θ

(21+θ − 1)(21+θ − 3θ) . (T.4)
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At θ = 0, this equals 1. Its logarithmic derivative at zero is

d

dθ
log κ(θ)

∣∣∣∣
θ=0

= 2 log 3 − 4 log 2 = log(9/16) < 0. (T.5)

Thus κ(θ) < 1 throughout a positive interval immediately to the right of zero. If Mk is the product of k successive
leading branch multipliers under the Haar branch decomposition, then∫

Mθ
k dµ = κ(θ)k. (T.6)

Consequently, for every λ > 0,
µ{Mk ≥ λ} ≤ λ−θκ(θ)k. (T.7)

This gives exponential decay of exceptional leading-growth cylinders in depth. It does not rule out a nested
exceptional path. Any attempt to infer pointwise convergence from (T.7) alone would confuse zero measure with
emptiness.

31 Branch corrections and normalized error terms
For one gate branch write

R(m) = Ma,rm + Ba,r, Ba,r = e(a, r)
2a+r−1 . (U.1)

When m lies in its branch cylinder, the ratio is

R(m)
m

= Ma,r + Ba,r

m
. (U.2)

This identity justifies the use of Ma,r in Haar asymptotics but also displays the obstruction to a pointwise
conclusion. Along a finite orbit segment whose values remain small relative to the branch corrections, the
additive terms may determine the sign of the descent difference.

For a concatenated gate word g the normalized error is

Rk(m)
m

− 3Rk

2Qk
= Ek

2Qk m
. (U.3)

If 2Qk > 3Rk , exact descent occurs when
Ek

2Qk m
< 1 − 3Rk

2Qk
. (U.4)

Thus a proof using leading multipliers must additionally show a strict margin dominating the relative affine
error. Proposition 14.2 keeps this margin visible term by term.

The error formula is especially important for proposed computer-assisted proofs. It is insufficient to record
that a branch product is smaller than one; a verifier must recompute Ek, verify the realized cylinder, and test
(U.4) using exact integers. This requirement is intrinsic to affine descent; it is the arithmetic meaning of descent
for an affine iterate.

32 Periodic words and their denominators
Suppose a realized gate word g is periodic for a positive integer m. Equation (12.1) gives

m = Eg

2Qk − 3Rk
. (V.1)

There are three independent tests. First, 2Qk > 3Rk is necessary for positivity. Second, the denominator must
divide Eg. Third, the resulting quotient must realize the same branch cylinders that were used to compute Eg.
Failure of any one test eliminates the word.

The same arithmetic appears in the uncompressed renewal map. For a valuation word a of length k, a cycle
point would have

m = Ck(a)
2Ak − 3k

. (V.2)

The gate compression merely groups the forced sequences of ai = 1 between gate visits; it does not weaken the
cycle filter. Indeed, expanding each gate pair (a, r) back into the valuation word

(a, 1, . . . , 1︸ ︷︷ ︸
r−1 terms

) (V.3)
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recovers the same Ak, Ck, and cycle quotient.
These formulas yield strong finite exclusions whenever a prescribed family of words is under consideration.

They do not constitute an unbounded exclusion of every possible cycle word. The strongest conceptual advantage
of the induced gate construction is instead that cycles and divergent orbits are handled by the same pointwise
descent statement: if every gate orbit has a prefix returning below its start, neither a nontrivial cycle nor a
divergent orbit can survive.

33 Reciprocal-cost control from exact logarithms
The identity

log S(m) − log m = log 3 − a(m) log 2 + log
(

1 + 1
3m

)
(W.1)

has a natural decomposition. The first two terms are the multiplicative surplus and the last term is the finite
affine cost. The bound

0 < log
(

1 + 1
3m

)
≤ 1

3m
(W.2)

is valid for every odd positive m. Therefore an orbit prefix descends whenever its accumulated valuation surplus
dominates the reciprocal cost:

k−1∑
j=0

(
a(mj) log 2 − log 3

)
>

1
3

k−1∑
j=0

1
mj

. (W.3)

The right-hand side becomes small when the orbit is large, but a pointwise proof cannot assume largeness
persists in a favorable way: reaching a smaller value is already the required descent. The useful form of (W.3) is
therefore local. If the orbit is above a height H throughout a prefix of length k, then

1
3

k−1∑
j=0

1
mj

≤ k

3H
. (W.4)

Consequently, any prefix above H with

Ak log 2 − k log 3 >
k

3H
(W.5)

necessarily descends. An eventual proof might combine a height-dependent inequality such as (W.5) with exact
handling below H. Unlike a stationary residue rank, such an argument can charge deeper shadows against larger
starting height. What remains unproved is that every orbit above H must realize a prefix meeting (W.5) before
dropping below H.

34 Why the Haar estimate does not prove reciprocal surplus
The integral result κ(θ) < 1 controls the measure of gate words with excessive leading product. The reciprocal-
surplus theorem involves a stronger event: the product must be sufficiently contracting to dominate the finite
correction accumulated along the particular orbit. Even if the leading exceptional set has exponentially small
Haar measure at each depth, a nested sequence of nonempty cylinders can have zero measure and still contain a
2-adic path. The positive integers are not closed in Z2, and an arithmetical argument is required to show that
no positive orbit realizes such a path indefinitely.

The fixed point −1 is an immediate example of why measure language is delicate. It is a single 2-adic point, of
Haar measure zero, but it invalidates every stationary clopen rank scheme. The induced gate map removes that
specific fixed point from the unpriced dynamics by paying for its shadows. A different zero-measure exceptional
path could still defeat a purely averaged gate argument unless a pointwise coercive inequality is established.

Thus the role of Theorem 9.2 is exact but limited. It proves that the induced dynamics has genuine average
contraction in its leading coordinate. It supplies a natural base from which to search for a pointwise potential.
It does not permit a replacement of “for every starting value” by “for Haar-almost every 2-adic path.” The final
quantifier in the Collatz conjecture remains universal, and the revised article keeps that quantifier visible.

35 A nonstationary potential ansatz and its test equations
A possible completion would extend the shadow potential by a gate correction depending on the next created
shadow. Consider a function

V (m) = log m + ασ(m) + F (m), (Y.1)
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where F is defined on gate states and transported constantly along a forced shadow. Inside each shadow, F
does not change and Theorem 6.1 gives strict decrease for α > log(3/2). Across a gate branch (a, r), the desired
inequality is

F (R(m)) − F (m) ≤ − log R(m)
m

− ασ(R(m)) + ασ(m) − ε. (Y.2)

On the gate set σ(m) = 0 and the new shadow has already been discharged in R, so the equation simplifies to

F (R(m)) − F (m) ≤ − log R(m)
m

− ε. (Y.3)

A bounded F cannot satisfy (Y.3) along a genuine cycle with nonnegative total logarithmic gain, while an
unbounded F must be shown coercive and compatible with all branch cylinders. The formula therefore turns the
search for a closing potential into a cohomological inequality for the induced gate map.

The Haar drift calculation suggests solving (Y.3) in an averaged or transfer-operator sense. A universal proof
would require a pointwise supersolution, not merely an L1 solution. This distinction isolates a concrete research
target: construct a coercive F on positive gate integers for which the branchwise inequality is exact and strictly
dissipative, or prove that every gate orbit satisfies a descent prefix directly by (10.5).

36 Finite calculations that remain logically valid
Finite calculations remain valuable when their role is stated correctly. Given a height H, one may exactly iterate
all odd m ≤ H and record whether their odd-renewal or gate orbits reach 1. Given a finite collection of valuation
cylinders, one may compute Ck, the descent threshold, and all residues using modular arithmetic. Given a
proposed branch formula, one may verify it on representative members and then prove it uniformly by the affine
identity. None of these operations requires numerical approximation.

What finite calculation cannot do is infer (RC) beyond every height unless accompanied by a theorem
extending the verified structure to all larger integers. The stationary rank approach tried to supply that
extension; Theorem 5.2 proves that its clopen stationary form is obstructed. The correct computational use of
the present revision is instead to explore candidate gate potentials, test branch inequalities, and locate possible
exceptional renewal paths while preserving the distinction between finite evidence and the universal theorem.

An exact checker for the displayed identities uses only integer arithmetic. For an odd m, it obtains a(m) by
repeated division of 3m + 1 by two. For a valuation word it recursively evaluates Ck and checks (2.5). For a gate
step it computes a, u, r, and then verifies (7.4) after multiplying by 2a+r−1. For Haar formulas it verifies finite
truncations against the geometric closed form and checks symbolic differentiation at θ = 0. These operations
verify the proved local construction; they do not assert a missing pointwise coercivity inequality.

37 A normal mathematical dependency chain
The proof structure is a sequence of exact implications. Lemma 1.1 reduces the original problem to odd renewals.
Theorem 2.1 and Lemma 3.1 give exact affine and congruence coordinates. Theorem 4.1 identifies the positive
integer shadows of −1. Theorem 5.2 proves that the former stationary finite-rank completion is impossible.
Theorem 6.1 introduces a height-sensitive mechanism that pays for all forced shadow ascent. Proposition 7.1
induces the remaining dynamics on the gate set. Theorems 9.1 and 9.2 prove genuine integral contraction of its
leading branches. Theorem 11.1 states the universal equality of problems: proving renewal coercivity is proving
Collatz.

No arrow in this chain is a heuristic. The only missing assertion is explicitly not an arrow already traversed:
it is the pointwise gate inequality (RC). If a future construction supplies it, then minimal-counterexample
descent immediately gives the unconditional conclusion. If a construction supplies only a mean estimate, finite
computation, density statement, or stationary finite-rank, it has not crossed the final quantifier.

This normal theorem–proof architecture is stronger than the former stationary presentation because it
distinguishes proved mathematics from the unproved universal statement at the exact level where the distinction
occurs. It is also constructive: every possible completion must engage either with the induced gate map or with
an equivalent height-sensitive pointwise descent theorem.

38 Analytic consequence of the renewal construction
The analysis is driven by one elementary but powerful observation: the most persistent expanding residue pattern
is not arbitrary; it is the positive shadow of a non-positive 2-adic fixed point. That observation proves a no-go
theorem for stationary finite residue ranks and simultaneously gives the correct repair variable, namely the finite
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2-adic depth of the shadow. Charging that depth yields a strict potential decrement through every forced all-odd
run.

After shadows are discharged, the remaining gate dynamics is not structureless. It admits exact affine
branches indexed by two valuations, an explicit congruence partition, a closed logarithmic drift integral, and
fractional moment contraction. These are substantial unconditional results. They explain both why numerical or
probabilistic evidence is strong and why it does not alone settle the pointwise problem. A single positive orbit
could, in principle, follow a thin nested exceptional family unless a coercive pointwise theorem rules it out.

Accordingly, the final pointwise target is the construction of a gate potential or renewal inequality enforcing
(RC) for every positive gate integer. The title and abstract remain unchanged under the journal’s DOI restrictions.
The proved renewal mechanism identifies the exact universal inequality whose proof would imply convergence.

39 Unrolling a gate word back to an odd-renewal word
Every gate pair (a, r) represents the ordinary valuation string

(a, 1, . . . , 1︸ ︷︷ ︸
r−1 mentries

). (A.1)

Let g = ((a1, r1), . . . , (ak, rk)) and let a(g) be the concatenation of these strings. Its length is Rk = r1 + · · · + rk,
whereas its valuation sum is

A(a(g)) =
k∑

j=1
(aj + rj − 1) = Qk. (A.2)

The affine formula for SRk therefore has leading numerator 3Rk m and denominator 2Qk , exactly as in the gate
formula (10.4). The correction constants also agree because both constructions are obtained by composing the
same realized odd-renewal branches in the same order. Thus gate compression is lossless: it deletes notation for
the shadow repayment steps but deletes no arithmetic information.

Proposition 39.1 (Lossless compression). For every gate word g and every positive integer m realizing it,

Rk(m) = SRk (m), Eg = Ca(g). (A.3)

Consequently gate descent, odd-renewal descent, and the corresponding cycle equations are identical after the
replacement (A.2).

Proof. A gate renewal applies one valuation aj and then exactly rj − 1 valuations equal to 1 until the next gate
value is reached. Therefore its composition is precisely the ordinary renewal iterate on the expanded string.
Uniqueness of the affine numerator in Theorem 2.1 gives equality of corrections.

The proposition permits either coordinate system to be used in formal checking. The gate coordinate is
preferable for analysis because all forced shadows have already been paid; the expanded coordinate is preferable
when each individual valuation is to be replayed from an integer orbit.

40 Inverse branches of the gate map
For fixed (a, r) the branch relation (10.3) can be solved for its input:

m = 2a+r−1R(m) − e(a, r)
3r

, e(a, r) = 3r−1(1 + 2a) − 2a+r−1. (A.4)

The divisibility by 3r in this expression is automatic on the image cylinder, but it is a useful admissibility test
when a branch is proposed independently. In particular, a finite sequence of gate pairs is realized by an integer
only when the backward substitution returns an integer at each stage and the recovered input satisfies the
required binary congruences.

Lemma 40.1 (Backward realization test). Let mk ∈ G and let (aj , rj) be a prescribed reversed gate word. Define
recursively

mj−1 = 2aj+rj−1mj − e(aj , rj)
3rj

. (A.5)

The word is realized from m0 to mk if and only if each mj−1 is a positive integer in Gaj ,rj
.

Proof. Necessity follows by solving the affine branch relation. Conversely, membership of mj−1 in its branch
cylinder supplies the exact valuations and (10.3) then maps it to mj . Induction reconstructs the orbit.
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The backward test has two mathematical uses. It gives a precise check for candidate cycle words by setting
mk = m0, and it prevents formal transfer-operator paths from being confused with positive integer paths: an
allowed symbolic branch sequence need not contain a positive integer unless its inverse congruences and positivity
conditions are simultaneously satisfied.

41 Debt creation and repayment across a gate excursion
The shadow potential decreases on every already existing all-odd shadow. It does not, by itself, force a complete
gate-to-gate excursion to decrease, because a gate branch may create new shadow depth before that depth is
discharged. This point must be retained exactly.

Let m ∈ G have gate parameters (a, r) and immediate odd renewal u = S(m). When r ≥ 2, one has
σ(u) = r − 1, whereas σ(m) = σ(R(m)) = 0. The gate creation increment is

Ψα(u) − Ψα(m) = log u

m
+ α(r − 1). (A.6)

The ensuing forced shadow has r − 1 steps and satisfies

Ψα(R(m)) − Ψα(u) < (r − 1)
(
log(3/2) − α

)
. (A.7)

Adding gives
Ψα(R(m)) − Ψα(m) < log u

m
+ (r − 1) log(3/2), (A.8)

so the coefficient α cancels from the net leading gate balance. Substituting u = (3m + 1)/2a recovers the leading
multiplier Ma,r = 3r/2a+r−1.

Proposition 41.1 (Exact role of the shadow potential). The potential Ψα eliminates the false stationary
treatment of a pre-existing shadow, but it does not imply gate-to-gate contraction when a gate creates a large new
shadow. At the leading level, a gate branch contracts exactly when

a + r − 1 > r log2 3, equivalently a − 1 > r log2(3/2). (A.9)

Proof. The cancellation identity (A.8) shows that the net leading ratio is Ma,r. The inequality Ma,r < 1 is
equivalent to (A.9).

This correction is crucial. Very deep shadows are favorable when they are already present in the starting
state, because their depth is a finite debt that must be spent. Very deep shadows newly created at a gate may
instead produce a large gate-to-gate expansion. Any universal potential must therefore price the creation event,
not merely the repayment event.

42 The expansion-contraction frontier for gate branches
The leading gate multiplier is

Ma,r = 21−a

(
3
2

)r

. (A.10)

For fixed r, increasing a yields stronger contraction. For fixed a, increasing r yields larger expansion. Thus the
branch plane has an exact frontier rather than an automatic favorable tail. The inequality Ma,r < 1 is

r <
a − 1

log2(3/2) . (A.11)

Since log2(3/2) > 0, every fixed immediate valuation a admits infinitely many expanding leading branches as r
increases; conversely, every fixed newly created shadow depth r is overcome by sufficiently large a.

Lemma 42.1 (No one-sided cutoff). There is no integer r0 such that all gate branches with r ≥ r0 are contracting.
There is also no fixed a0 such that all branches with a ≥ a0 are contracting independently of r.

Proof. For any fixed a, Ma,r → ∞ as r → ∞, since 3/2 > 1. This rules out both conclusions: for a prescribed
r0, take a = 2 and sufficiently large r; for a prescribed a0, take a = a0 and sufficiently large r.

The negative Haar drift remains valid because large r branches have exponentially small 2-adic measure.
Pointwise closure is nevertheless harder: an individual orbit would have to be shown incapable of selecting an
indefinitely compensating sequence of rare large-r expansions. The frontier (A.11) is therefore the appropriate
local phase boundary for any further construction.
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43 Why finite branch correction requires a nonlocal term
One might attempt to correct Ψα only on a finite set of unfavorable branch types. The expansion frontier proves
that this cannot be sufficient: for every fixed a there are infinitely many values of r with Ma,r > 1. Although
their Haar measure decays geometrically, they cannot simply be discarded in a pointwise theorem.

A candidate global energy must therefore use information beyond a finite list of branch labels. It may, for
instance, assign a cost to the congruence rarity of creating a depth-r shadow, or compare the created depth with
the archimedean height of the incoming gate state. Any such construction must be deterministic on positive
integers and must obey an inequality of the form

V (R(m)) − V (m) < 0 on a selected finite prefix of every orbit. (A.12)

It is not enough that the inequality hold after integration over Z2.

Proposition 43.1 (Necessary unbounded sensitivity). Let V (m) = Ψα(m) + F (c(m)), where c(m) takes values
in a finite set and is constant on a finite clopen partition of the gate space. If a fixed iterate of the resulting
finite state system is required to decrease V uniformly on every sufficiently large member of each state, then
the 2-adic shadow construction yields an unresolved expanding refinement unless the transition rule depends on
unbounded shadow creation depth.

Proof. Within every finite gate state there are refinements with arbitrarily large newly created r, because the
condition u ≡ −1 (mod 2r) can be imposed at arbitrarily high depth. By (A.10), for fixed visible a their
leading gate multipliers eventually exceed any fixed state correction. Hence finite-state bounded corrections
cannot uniformly dominate all refinements; a successful term must respond to unbounded r or to an equivalent
height-sensitive quantity.

This proposition leaves the mathematical task as an unbounded, but explicitly formulated, coercive control of
rare shadow-creation events.

44 An exact sample of branch nonuniformity
The induced gate system displays both contraction and expansion. Three simple values make the point without
a numerical experiment. For m = 5,

3m + 1 = 16, a = 4, R(5) = 1, (A.12)

so the branch reaches the fixed point immediately. For m = 9,

3m + 1 = 28 = 4 · 7, (a, r) = (2, 3), R(9) = 17, (A.13)

so one gate renewal expands. For m = 17,

3m + 1 = 52 = 4 · 13, (a, r) = (2, 1), R(17) = 13, (A.14)

so a gate renewal contracts but does not yet return below the earlier value 9.
The sequence continues exactly:

13 7→ 5 7→ 1 under R, (A.15)

and hence the gate orbit of 9 is
9 7→ 17 7→ 13 7→ 5 7→ 1. (A.16)

This sample proves neither typical nor universal behavior, but it illustrates the correct pointwise object. The first
gate step may expand, while a later realized prefix descends below the initial gate value. Therefore a valid closure
theorem must allow a finite prefix selected along the orbit, exactly as (11.2) does. It cannot demand one-step
descent at every gate, and it cannot infer multi-step descent from the sign of an average branch multiplier
without controlling affine corrections and realization.

The same example is a useful unit test for any proposed potential. Such a potential need not decrease at
9 7→ 17 if it proves a strict decrease after a bounded selected prefix; but it must not claim uniform one-step
monotonicity contradicted by (A.13).
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45 Archimedean height and two-adic depth
The two coordinates relevant to the construction are the ordinary height log m and the 2-adic shadow depth
σ(m). They interact oppositely during an all-odd shadow: ordinary height may increase while shadow depth
decreases deterministically. The product identity

T j(m) + 1 = 3j(m + 1)
2j

(A.17)

within a forced shadow expresses this exchange exactly. Taking ordinary logarithms and 2-adic valuations gives

log(T j(m) + 1) = log(m + 1) + j log(3/2), ν2(T j(m) + 1) = ν2(m + 1) − j. (A.18)

A linear combination with coefficient greater than log(3/2) therefore decreases.
At a gate the exchange is renewed: division by 2a contracts ordinary height, but the odd quotient may lie

unusually close to −1 and thereby create new 2-adic depth. The gate parameters (a, r) separate these effects.
Their leading balance is

log Ma,r = r log 3 − (a + r − 1) log 2. (A.19)

The negative integral mean of this balance demonstrates that contraction dominates creation in Haar measure.
The remaining universal issue is recurrence: whether an individual positive orbit can repeatedly realize the rare
branch combinations that replenish shadow depth faster than it is paid.

This two-coordinate formulation is forced by the exact obstruction to stationary residue descent. Every
displayed relation is verified directly from the dynamics.

46 The exact pointwise condition
The fixed journal title contains the word “closure,” but the revised body permits no ambiguity about what is
mathematically established. The universal Collatz conclusion follows from one explicit statement:

∀m ∈ G \ {1} ∃k ≥ 1 : Rk(m) < m. (A.20)

By the affine gate formula this is equivalent to (RC). The preceding results prove the reductions leading to this
statement, exclude stationary finite-rank descent, settle every forced all-odd shadow by a potential decrement,
and prove exact average contraction for the remaining gate dynamics.

What it does not do is replace (A.20) by its average analogue. The equality∫
log M dµ = log(9/16) < 0 (A.21)

is a true theorem, but its quantifier is different from the quantifier in (A.20). A claim of universal convergence
therefore requires a proof of (A.20), a coercive potential satisfying Theorem 17.1, or another theorem that
logically implies it. The absence of such a step cannot be cured by page design, computation through a fixed
bound, or terminology.

The renewal-potential route is proved through its local and integral stages; the universal pointwise gate
inequality is the sole remaining theorem required for completion.

47 Creation-weighted gate energy
The expansion frontier indicates what a nonstationary continuation must measure. For m ∈ G, let (a(m), r(m))
be its gate parameters and define the shadow-creation charge

χ(m) := r(m) log(3/2) − (a(m) − 1) log 2. (A.22)

Its exponential is the leading multiplier Ma,r, and therefore χ(m) > 0 precisely on leading expanding gate
branches. A pointwise completion would follow from a function W for which the accumulated positive parts of χ
cannot exceed accumulated negative parts plus a strict margin and the finite affine costs. One concrete target is

k−1∑
j=0

χ(Rj(m)) +
k−1∑
j=0

log
(

1 + Ej+1 − 3rj+1Ej

3Rj+1m

)
< 0 (A.23)

for some k on every orbit; after denominator clearing this is a form of (RC).
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The advantage of the creation-weighted formulation is that it distinguishes an old shadow from a newly
produced one. The old shadow is already settled by Ψα; the term χ records the only event capable of creating
fresh leading expansion. Haar integration yields∫

G
χ(m) dµG(m) = log(9/16) < 0, (A.24)

but a complete theorem must establish a pointwise negative prefix after inclusion of the affine correction. This
requires a genuinely new deterministic estimate on the rare large-r creation branches.

Thus the revised construction reaches a mathematically clean frontier. It neither dismisses difficult branches
nor confuses their small measure with impossibility. It identifies the unbounded correction term that any future
resolution must control, and it expresses the required conclusion by an explicit inequality equivalent to descent.

48 Consequences of the gate expansion
The preceding theorem–proof argument establishes the conclusion that the stationary ranked-cylinder mechanism
cannot succeed because of the 2-adic fixed point −1, whereas a height-sensitive shadow energy gives exact descent
through the formerly obstructing all-odd excursions.

The remaining problem is expressed entirely in gate coordinates. Global convergence follows exactly when
the pointwise gate-descent inequality (A.20), or an equivalent coercive potential inequality, is established for
every positive gate value. The theorem above isolates the precise pointwise implication to be established.

49 Haar calculus for ordinary odd renewals
The odd-renewal map also has an exact integral calculus before shadow compression. Let

O = 1 + 2Z2

be the odd 2-adic line, endowed with normalized Haar measure µO. For m ∈ O away from the single zero of
3m + 1, write

a(m) = ν2(3m + 1), L(m) = 3
2a(m) . (L.1)

The quantity L(m) is the leading multiplier of one odd renewal. The event a(m) = j consists of a single odd
residue class modulo 2j+1; consequently

µO{m : a(m) = j} = 2−j (j ≥ 1). (L.2)

Proposition 49.1 (Exact odd-renewal drift). The leading multiplier L satisfies∫
O

log L(m) dµO(m) =
∞∑

j=1
2−j log

(
3
2j

)
= log 3

4 < 0. (L.3)

For every θ > 0 with 3θ < 21+θ, ∫
O

L(m)θ dµO(m) = 3θ

21+θ − 1 . (L.4)

In particular this moment is strictly smaller than one for all sufficiently small positive θ.

Proof. By (L.2), ∫
O

log L dµO = log 3
∑
j≥1

2−j − log 2
∑
j≥1

j2−j .

The two geometric sums are 1 and 2, respectively, and (L.3) follows. Similarly,∫
O

Lθ dµO = 3θ
∑
j≥1

2−(1+θ)j = 3θ

21+θ − 1 .

The derivative at θ = 0 is the negative quantity in (L.3), and therefore continuity supplies an interval on which
the moment is below one.
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This calculation is the familiar source of the contraction heuristic. The obstruction addressed in the present
article is visible immediately: the cylinder a(m) = 1 has positive measure and leading multiplier 3/2 > 1,
while its neighborhoods of the 2-adic point −1 contain positive integers that stay in this expanding branch for
arbitrarily long visible prefixes. Mean contraction is an exact statement about Haar mass; it is not a pointwise
descent theorem.

Proposition 49.2 (Word measure on the odd line). For a valuation word a = (a1, . . . , ak) with Ak = a1+· · ·+ak,
the realized cylinder has relative Haar measure

µO{m : m realizes a} = 2−Ak . (L.5)

Consequently, for the leading k-renewal multiplier

La = 3k

2Ak
,

one has the exact finite-depth identity∫
O

Lk(m)θ dµO(m) =
(

3θ

21+θ − 1

)k

. (L.6)

Proof. Lemma 3.1 supplies one odd residue class modulo 2Ak+1. There are 2Ak odd residue classes at this
modulus, which proves (L.5). Summing Lθ

a over all words and factorizing the resulting product of k geometric
series gives (L.6).

Corollary 49.3 (Haar-small noncontracting prefixes). Choose θ > 0 such that

ηθ := 3θ

21+θ − 1 < 1.

Then
µO

{
m : 3k

2Ak(m) ≥ 1
}

≤ ηk
θ . (L.7)

Proof. Apply Markov’s inequality to Lk(m)θ and then use (L.6).

The corollary gives an exponentially decreasing Haar measure for words whose leading multiplier has not yet
contracted. It remains compatible with a single positive orbit lying inside every exceptional set. The shadow
classes of Section 4 are the deterministic reason such a pointwise possibility cannot be dismissed by (L.7).

50 The gate cylinders as exact congruence fibres
We now give a direct arithmetic account of the induced return branches. Put

q(a, r) := a + r − 1, e(a, r) := 3r−1(1 + 2a) − 2a+r−1. (M.1)

For m ∈ Ga,r the return equation is
2q(a,r)R(m) = 3rm + e(a, r). (M.2)

Lemma 50.1 (Unique gate fibre). For every a ≥ 2 and r ≥ 1, the set Ga,r is one residue class modulo 2a+r+1.
Relative to G = 1 + 4Z2, it has measure

µG(Ga,r) = 2−(a−1)2−r. (M.3)

Proof. The condition m ∈ G fixes the two lowest bits. Since multiplication by 3 is invertible in Z2, the exact
valuation condition

ν2(3m + 1) = a

fixes a − 1 additional bits within G. On that cylinder the odd quotient u = (3m + 1)/2a is an affine bijective
coordinate on the remaining 2-adic tail. The condition ν2(u + 1) = r fixes r further bits. Hence 2 + (a − 1) + r =
a + r + 1 bits are fixed, yielding one residue class modulo 2a+r+1. The relative measure is the product in
(M.3).
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Lemma 50.2 (Positivity of the gate correction). For every a ≥ 2 and r ≥ 1,

e(a, r) > 0. (M.4)

More precisely,
e(a, 1) = 1, e(a, r) = 3r−1 + 2a

(
3r−1 − 2r−1) > 0 (r ≥ 2). (M.5)

Proof. The case r = 1 follows immediately from (M.1). For r ≥ 2, expand (M.1) as in (M.5) and use
3r−1 > 2r−1.

Proposition 50.3 (Complete one-branch descent alternative). A gate branch Ga,r is of exactly one of the
following forms.
(i) If 2q(a,r) ≤ 3r, then

R(m) > m (m ∈ Ga,r). (M.6)

(ii) If 2q(a,r) > 3r, then

R(m) < m ⇐⇒ m >
e(a, r)

2q(a,r) − 3r
. (M.7)

The slope is contracting exactly when
a − 1 > r log2(3/2). (M.8)

Proof. Subtract m from (M.2) and multiply by the positive denominator 2q(a,r):

2q(a,r)(R(m) − m
)

= e(a, r) −
(
2q(a,r) − 3r

)
m. (M.9)

By Lemma 50.2, the right side is positive whenever 2q(a,r) ≤ 3r. If the inequality is reversed, (M.7) is exactly
(M.9). Finally, 2a+r−1 > 3r is equivalent to 2a−1 > (3/2)r, which is (M.8).

This proposition makes the pointwise issue entirely concrete. A newly created shadow is not simply a nuisance
attached to a contracting step. When r is large relative to a, the complete gate excursion expands every positive
integer on its cylinder. A proof must show that such expanding excursions cannot remain uncompensated along
one realized orbit.

51 The exact affine correction under concatenation
Write a gate branch as

Fj(x) = 3rj x + ej

2qj
, ej = e(aj , rj), qj = aj + rj − 1. (N.1)

For a realized gate word g = ((a1, r1), . . . , (ak, rk)), let

Pk =
k∏

j=1

3rj

2qj
= 3Rk

2Qk
. (N.2)

Theorem 51.1 (Positive correction expansion). The k-fold branch composition has the exact form

Fk ◦ · · · ◦ F1(m) = Pkm +
k∑

i=1

ei

2qi

k∏
j=i+1

3rj

2qj
. (N.3)

Equivalently,

Rk(m) = 3Rk m + Ek

2Qk
, Ek =

k∑
i=1

ei 2q1+···+qi−13ri+1+···+rk . (N.4)

In particular Ek > 0 for every nonempty realized gate word.

Proof. Formula (N.3) is immediate for k = 1. Suppose it holds for k and compose on the left by Fk+1.
Multiplication of the first term by 3rk+1/2qk+1 extends Pk to Pk+1; it also multiplies every earlier correction
by the same factor. Adding the new term ek+1/2qk+1 gives (N.3) for k + 1. Multiplication by 2Qk gives (N.4).
Positivity follows from Lemma 50.2.

INTERNATIONAL JOURNAL OF INVENTIONS IN ENGINEERING AND SCIENCE TECHNOLOGY 140

http://www.ijiest.in


International Journal of Inventions in Engineering & Science Technology http://www.ijiest.in

Corollary 51.2 (A leading-product test is never sufficient). For every realized gate word,

Rk(m) > Pkm. (N.5)

Thus Pk < 1 is necessary but not sufficient for descent; descent requires the strict margin

(1 − Pk)m >

k∑
i=1

ei

2qi

k∏
j=i+1

3rj

2qj
. (N.6)

Proof. Every term in the correction sum in (N.3) is positive. Subtracting m in (N.3) yields (N.6).

The correction formula is one of the reasons a mean logarithmic contraction does not immediately provide a
proof. Even when an orbit segment has a favorable exponent balance, its earlier expanding branches contribute
positive terms which are subsequently transported rather than erased.

Proposition 51.3 (Cycle equation in correction form). A realized word g can support a positive gate-cycle point
only if

Pk < 1 and m = 1
1 − Pk

k∑
i=1

ei

2qi

k∏
j=i+1

3rj

2qj
(N.7)

is a positive integer in its cylinder. Equivalently,

m = Ek

2Qk − 3Rk
. (N.8)

Proof. Set Rk(m) = m in (N.3). The right-hand correction is positive, so 1 − Pk > 0. Clearing denominators
gives (N.8). Realization of the word remains necessary because the affine formula is attached to a cylinder.

52 Tail estimates for expanding gate branches
The contraction frontier (M.8) is exact. It is useful to complement it by exact Haar bounds on the branches
with unusually deep newly created shadows. For R ≥ 1, Lemma 50.1 gives

µG{m : r(m) ≥ R} =
∞∑

r=R

2−r = 21−R. (P.1)

Similarly, for A ≥ 2,
µG{m : a(m) ≥ A} = 22−A. (P.2)

These identities quantify the competing mechanisms: large immediate division is rare, and a deep newly created
shadow is equally exponentially rare in its depth.

Proposition 52.1 (Moment bound for noncontracting products). Let Mj denote the leading multiplier of the
jth gate branch in the 2-adic gate shift and choose 0 < θ < θ0 with κ(θ) < 1. Then

µG

m :
k∏

j=1
Mj(m) ≥ 1

 ≤ κ(θ)k. (P.3)

More generally, for λ > 0,

µG

m :
k∏

j=1
Mj(m) ≥ eλk

 ≤ e−θλkκ(θ)k. (P.4)

Proof. By the full-branch gate-cylinder decomposition, the successive pairs (aj , rj) occupy successive free 2-adic
digit blocks, and the integral of the product of the first k branch moments factors as κ(θ)k. Markov’s inequality
gives

µG


 k∏

j=1
Mj

θ

≥ eθλk

 ≤ e−θλk

∫
G

k∏
j=1

Mθ
j dµG ,

which is (P.4); taking λ = 0 gives (P.3).

Remark 52.2 (Exact limitation of the tail estimate). Equations (P.3)–(P.4) exclude a large set of noncontracting
leading paths in Haar measure. They do not exclude an individual positive integer lying in a nested sequence of
exceptional cylinders. Moreover, even a leading-product contraction does not by itself dominate the positive
affine correction in (N.3). Any universal theorem must address both of these pointwise features.
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53 A normalized correction current
The positive correction term can be recorded without hiding its transport. Define along a gate orbit

bj := ej

2qj
, Pi,k :=

k∏
j=i+1

Mj , Ck(m) :=
k∑

i=1
biPi,k. (Q.1)

Then
Rk(m) = Pkm + Ck(m), Ck(m) > 0. (Q.2)

A descent prefix is exactly a prefix satisfying

Pk < 1, Ck(m) < (1 − Pk)m. (Q.3)

Lemma 53.1 (Recurrence for the correction current). The currents satisfy

Ck+1(m) = Mk+1Ck(m) + bk+1, C0(m) = 0. (Q.4)

If Pk ≤ e−λk and bj ≤ B for all 1 ≤ j ≤ k, while every terminal suffix product satisfies

k∏
j=i+1

Mj ≤ e−λ(k−i) (1 ≤ i ≤ k), (Q.5)

then
Ck(m) ≤ B

1 − e−λ
. (Q.6)

Proof. Equation (Q.4) is the affine composition law. Under (Q.5), insert the suffix bound into (Q.1) and sum
the finite geometric series:

Ck(m) ≤ B

k−1∑
s=0

e−λs ≤ B

1 − e−λ
.

The lemma displays what a successful pointwise argument would need to accomplish: not merely a favorable
total exponent but sufficiently uniform suffix contraction, together with control of the branch corrections. The
branch correction is not uniformly bounded on all (a, r), since deep shadow creation increases e(a, r)/2q(a,r) on
certain cylinders. This is precisely the location at which a height-sensitive compensation term must enter.

Proposition 53.2 (Exact branch correction size). For a gate branch,

b(a, r) := e(a, r)
2a+r−1 = 3r−1

2r−1

(
1 + 2−a

)
− 1. (Q.7)

Hence

b(a, 1) = 2−a, b(a, r) ≥
(

3
2

)r−1
− 1 (r ≥ 2). (Q.8)

In particular, the correction cannot be bounded uniformly in r.

Proof. Divide (M.1) by 2a+r−1 and simplify. Formula (Q.8) follows from 1 + 2−a ≥ 1.

54 Creation of shadow depth and paid dissipation
The potential in Section 6 proves strict decrement while a shadow already exists. At a gate, however, a branch
may create new shadow depth. This can be written exactly. Let m ∈ Ga,r, and let u = S(m). Since σ(m) = 0
and σ(u) = r − 1, the first odd renewal has increment

Ψα(u) − Ψα(m) = log
(

3m + 1
2am

)
+ α(r − 1). (R.1)

The subsequent r − 1 forced shadow steps have total increment

Ψα(R(m)) − Ψα(u) = log
(

R(m)
u

)
− α(r − 1). (R.2)
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Adding (R.1) and (R.2) cancels the debt term exactly:

Ψα(R(m)) − Ψα(m) = log
(

R(m)
m

)
. (R.3)

Thus Ψα pays all pre-existing all-odd ascent, but it cannot by itself impose contraction from gate to gate. A
second quantity is necessary to penalize the creation event at its source.

Theorem 54.1 (No pure shadow-depth gate Lyapunov function). For every α > 0, the function Ψα(m) =
log m+ασ(m) fails to decrease on every nonterminal gate return. In fact, for every gate branch with 2a+r−1 ≤ 3r,

Ψα(R(m)) > Ψα(m) (m ∈ Ga,r), (R.4)

independently of α.

Proof. Both m and R(m) lie in G, so their shadow depths vanish. Hence the potential difference is precisely the
logarithm in (R.3). Proposition 50.3 gives R(m) > m on every branch with 2a+r−1 ≤ 3r.

The theorem is a second obstruction theorem. It shows why the successful potential cannot be merely log m
plus the currently visible shadow depth. A prospective coercive energy must retain information about the
creation profile of later gates, or prove a deterministic recurrence that forces expanding branches to be followed
by a sufficiently strong contraction.

55 A finite-prefix surplus with the exact correction included
Let m0 = m ∈ G and mj = Rj(m). The gate equation can be written in logarithmic form as

log mj+1 − log mj = log Mj + log
(

1 + bj

Mjmj

)
. (S.1)

The second term is positive and is the normalized affine cost. Using log(1 + x) ≤ x gives

log mk

m0
≤

k−1∑
j=0

log Mj +
k−1∑
j=0

bj

Mjmj
. (S.2)

Proposition 55.1 (Correction-compensated gate surplus). If a gate orbit prefix satisfies

−
k−1∑
j=0

log Mj >

k−1∑
j=0

bj

Mjmj
, (S.3)

then Rk(m) < m. Consequently, if every nonterminal positive gate orbit admits a prefix satisfying (S.3), then
the Collatz assertion holds.

Proof. Condition (S.3) makes the right side of (S.2) negative, proving mk < m0. Repeated strict descent on the
positive gate integers and the finite shadow decompositions then force the terminal gate value 1.

The criterion (S.3) is an analytically smoothed version of (RC). It is stronger than the mere exponent surplus∏
Mj < 1 because the correction cost is retained. It is also suited to a possible integral or renewal estimate,

since the first term is additive and has negative Haar mean, while the second term decays when the intermediate
gate values are large unless a newly created shadow is exceptionally deep.

Lemma 55.2 (Branch cost expressed in gate parameters). For mj ∈ Gaj ,rj ,

bj

Mjmj
= e(aj , rj)

3rj mj
= 1

3mj
(1 + 2aj ) − 2aj+rj−1

3rj mj
. (S.4)

In particular,
0 <

bj

Mjmj
<

1 + 2aj

3mj
. (S.5)

Proof. The first identity follows by substituting bj = ej/2qj and Mj = 3rj /2qj . Formula (S.4) follows from (M.1),
and positivity follows from Lemma 50.2.

The upper bound in (S.5) still depends on the immediate valuation aj . This dependence is genuine: a very
large first division is paired with a thin cylinder, but pointwise analysis cannot discard a thin cylinder. A final
theorem must either control this dependence along each orbit or discover a new invariant in which the same
branch is paid at creation.
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56 Minimum-counterexample form of a completion theorem
A useful theorem can be stated without assuming any probabilistic independence. Let V : G → R be any function
satisfying

V(m) ≥ log m − C (m ∈ G) (T.1)

for a constant C, and suppose that for each m > 1 there is a finite gate prefix with

V(Rk(m)) < V(m) and Rk(m) ≤ m. (T.2)

The second clause is included because a potential value alone does not order positive integers.

Theorem 56.1 (Coercive gate completion). Assume that every m ∈ G, m > 1, admits a finite prefix for which

Rk(m) < m. (T.3)

Then every positive integer reaches the terminal shortcut cycle. Equivalently, it is enough to construct a function
or deterministic inequality implying (T.3) on every positive gate orbit.

Proof. Suppose a positive orbit does not reach the terminal cycle and choose the least odd value m among all
odd values on nonterminating orbits. Discharge its finite forced shadow to obtain a gate value g on the same
nonterminating orbit. If g < m, this contradicts minimality; hence g ≥ m. Applying (T.3) to g yields a later
gate value below g. Iterating the strict gate descents gives a strictly decreasing sequence of positive gate integers
on a nonterminating orbit, impossible. Therefore no nonterminating orbit exists.

Remark 56.2. Condition (T.3) is exactly (RC), rewritten without the affine coordinates. Its content cannot be
reduced by changing notation: a proof of (T.3) is a proof of the Collatz assertion. The constructions above are
useful because they show which potential terms are forced, which stationary mechanisms are impossible, and
which positive affine correction must be controlled in a successful proof.

57 Exact computational checking of a proposed gate inequality
The equations in the paper admit an entirely integer-based validator. Given a positive gate value m, a finite
prefix can be verified as follows:
(i) compute aj = ν2(3mj + 1) and uj = (3mj + 1)/2aj ;
(ii) compute rj = ν2(uj + 1) and obtain mj+1 = R(mj) by direct shortcut iteration;
(iii) independently check the affine equality

2aj+rj−1mj+1 = 3rj mj + e(aj , rj); (U.1)

(iv) accumulate Rk, Qk, Ek using (N.4), and verify

2Qk mk = 3Rk m + Ek; (U.2)

(v) declare a proved descent only after checking the integer inequality

mk < m, equivalently (2Qk − 3Rk )m > Ek. (U.3)

No floating-point approximation is involved. The numerical check attached to this paper verifies (U.1)–(U.2) for
finite samples and verifies the closed-form Haar sums. It is not used to infer (T.3) for integers outside the tested
prefixes.

Proposition 57.1 (Finite validation is logically exact but bounded). Let B, H be finite. An exhaustive check of
(U.3) for every gate integer m ≤ H and every prefix length at most B proves descent for exactly the validated
cases. It proves the universal Collatz assertion only when accompanied by a proved theorem showing that every
untested m is governed by one of the validated descent identities.

Proof. Each returned row is an exact integer equality and inequality, hence proves its particular descent. The
set of rows is finite. Without a theorem propagating the rows to all larger gate values, it makes no statement
about a positive gate integer outside the finite domain. This is simply the difference between a finite universal
quantifier and the unbounded quantifier in (T.3).
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58 Boundary of the renewal construction
The renewal construction supplies a sharp decomposition of the universal problem. Forced proximity to the
2-adic fixed point −1 produces arbitrarily long archimedean rises; Theorem 5.2 shows that this phenomenon
excludes a stationary finite clopen rank proof. The shadow potential pays for every already existing run exactly.
The gate map isolates the only remaining source of difficulty: a gate branch can create new shadow depth, and
the resulting affine correction is positive and unbounded as a function of its creation parameter.

The integral identities establish that the leading gate multiplier contracts in Haar logarithmic mean and
admits a fractional moment below one. The concatenated affine identity shows why that fact is insufficient on its
own. A final pointwise theorem must produce, on every positive gate orbit, a finite prefix for which the negative
accumulated logarithmic multiplier dominates the transported positive correction, equivalently a prefix satisfying
(RC) or (S.3).

This is a complete mathematical reduction of the closure question in the present coordinates. It preserves all
exact arithmetic consequences of the odd-renewal construction, excludes an impossible stationary route, and
states the pointwise coercive inequality that any unconditional proof must establish.

59 Full-branch structure of the gate transformation
The moment identities used above arise from a precise 2-adic full-branch property. For a ≥ 2 and r ≥ 1 put
q = a + r − 1 and let Ga,r be the corresponding cylinder. The return relation

2q
(
R(m) + 1

)
= 3r−1(3m + 1 + 2a

)
(AC.1)

shows that, after the first a + r − 1 variable bits have been read, the remaining binary tail is multiplied by an
odd unit. Hence it is free again at the return gate.

Proposition 59.1 (Tail bijection on a gate cylinder). Fix (a, r). After identifying G with Z2 by m = 1 + 4t,
there is a residue ta,r modulo 2a+r−1 such that

Ga,r = {1 + 4(ta,r + 2a+r−1s) : s ∈ Z2}. (AC.2)

On this set the map s 7→ R(m) is an affine bijection from Z2 onto G whose linear coefficient is an odd 2-adic
unit. In particular, normalized Haar measure conditioned on Ga,r is carried to normalized Haar measure on G.

Proof. Lemma 50.1 gives the residue class in (AC.2). Substitute

m = ma,r + 2a+r+1s

into (M.2). Since the denominator is 2a+r−1, the variable contribution to R(m) is

3r2a+r+1s

2a+r−1 = 4 3rs.

Thus
R(m) = m′

a,r + 4 3rs,

where m′
a,r ≡ 1 (mod 4). The map s 7→ 3rs is a bijection of Z2 preserving Haar measure, because 3r is a 2-adic

unit. Hence the return branch maps the conditioned cylinder bijectively and measure-preservingly onto G.

Corollary 59.2 (Iterated cylinder product law). For a finite sequence g = ((a1, r1), . . . , (ak, rk)), the cylinder
of gate values realizing g has relative Haar measure

µG(g) =
k∏

j=1
2−(aj−1)2−rj . (AC.3)

For any nonnegative functions Fj of a single branch pair,∫
G

k∏
j=1

Fj(aj(m), rj(m)) dµG(m) =
k∏

j=1

∑
a≥2

∑
r≥1

2−(a−1)2−rFj(a, r). (AC.4)

Proof. Apply Proposition 59.1 inductively: after each branch the unused tail has normalized Haar distribution on
the gate set. Multiplication of conditional measures gives (AC.3), and summation of a cylinder-simple function
gives (AC.4).

The product law proves the integral identities in their natural dynamical form. It also shows precisely why
they do not prove the pointwise statement: the full-branch shift has infinitely many paths, and exponentially
small cylinder measure is compatible with the existence of a single nested path.
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60 A transfer operator with the affine coordinate retained
The leading operator of Section 13 discards the positive correction in order to expose the logarithmic drift. For
pointwise work it is natural to retain the correction. Given a nonnegative test function f on positive gate values
and θ > 0, define formally

(Tθf)(y) :=
∑
a≥2

∑
r≥1

2−(a−1)2−r

(
3ry + e(a, r)

2a+r−1y

)θ

f

(
3ry + e(a, r)

2a+r−1

)
, (AD.1)

whenever the displayed inverse-branch expression is interpreted on a compatible positive cylinder. Its multiplica-
tive part is controlled by κ(θ), while its correction part is determined by(

1 + e(a, r)
3ry

)θ

. (AD.2)

Lemma 60.1 (Elementary correction domination). For 0 < θ ≤ 1 and x ≥ 0,

(1 + x)θ ≤ 1 + θx ≤ 1 + x. (AD.3)

Consequently, for a positive gate value y,(
R(y)

y

)θ

≤ Mθ
a,r

(
1 +

(
e(a, r)

3ry

)θ
)

. (AD.4)

Proof. Concavity of x 7→ (1 + x)θ and its tangent line at the origin give (1 + x)θ ≤ 1 + θx, and θ ≤ 1 gives the
second inequality. Substitution with x = e(a, r)/(3ry) yields (AD.4), with the linear term available whenever it
is more useful.

Remark 60.2. Thus the pointwise correction analysis naturally uses the linear term e(a, r)/(3ry) unless an
independent sharper bound is available on a specified branch family.

Proposition 60.3 (A sufficient weighted-moment inequality). Suppose there exist 0 < θ ≤ 1, a nonnegative
function W on G, and a number ρ < 1 such that for every positive gate value m > 1,(

R(m)
m

)θ

W (R(m)) ≤ ρW (m), (AD.5)

and W (m) ≥ c > 0. Then every gate orbit reaches 1.

Proof. If a gate orbit avoided 1, iteration of (AD.5) would give

mθ
kW (mk) ≤ ρkmθ

0W (m0).

The left side is at least c because mk ≥ 1, while the right side tends to zero, a contradiction.

Proposition 60.3 is a particularly direct target for new mathematics: the unweighted branch moment contracts
only after integration, whereas a positive weight W satisfying (AD.5) would force contraction on every individual
branch. The correction term in (AD.4) describes exactly what such a weight must absorb.

61 Correction lower bounds on expanding branches
The correction is not only positive; on branches with deep new shadow it is itself large. By (Q.7), for r ≥ 2,

b(a, r) =
(

3
2

)r−1
(1 + 2−a) − 1 >

(
3
2

)r−1
− 1. (AE.1)

Thus a branch with r large creates a positive additive displacement comparable to its expanding shadow
multiplier, independently of the value of a.

Proposition 61.1 (No uniformly bounded additive correction). For every B > 0 there exists a gate branch
cylinder Ga,r such that

R(m) = Ma,rm + b(a, r), b(a, r) > B (AE.2)

for every m in that cylinder.
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Proof. Fix a = 2 and choose r sufficiently large that (3/2)r−1 −1 > B. Equation (AE.1) gives the conclusion.

Corollary 61.2 (Necessary nonlocality of a correction estimate). No proof which bounds all gate corrections by
a single absolute constant can establish (RC). Any successful inequality must either exploit the rarity of large r
through a pointwise mechanism or attach a state-dependent cost which grows with newly created shadow depth.
Proof. The first assertion is Proposition 61.1. The second restates the alternatives left after the exact branch
decomposition: the correction term is indexed by r and unbounded, so it cannot be absorbed by a constant
independent of the realized branch.

This lower bound makes clear why an unconditional argument would be a genuine advance: it must transform
a strong integral contraction with unbounded rare affine costs into a pointwise descent theorem, rather than
merely repeat a finite residue analysis at greater depth.

62 A descent theorem under a branch-pairing inequality
One possible path is to pair an initial expanding gate branch with a later contracting return. Let m0 =
m, m1, m2, . . . be the gate orbit beginning at m, and write

Dj(m) := log mj+1

mj
. (AF.1)

The value m descends as soon as a prefix sum D0(m) + · · · + Dk−1(m) is negative.
Theorem 62.1 (Initial-branch pairing criterion). Assume that every m ∈ G, m > 1, satisfies one of the
alternatives:
(i) R(m) < m;

(ii) there exists an explicitly determined integer k = k(m) ≥ 2 such that, along the realized gate orbit of m,
k−1∑
j=0

Dj(m) < 0. (AF.2)

Then the Collatz assertion holds. In exact affine coordinates, alternative (ii) is equivalent to

(2Qk(m) − 3Rk(m))m > Ek(m). (AF.3)

Proof. In case (i) the next gate value is below the initial one. In case (ii), exponentiating (AF.2) gives mk/m0 < 1,
hence again a later gate value is below the initial one. Therefore every nonterminal positive gate value has a
strictly smaller later gate value. Theorem 56.1 yields convergence. Equation (AF.3) is Proposition 10.2 applied
to the realized prefix.

The condition is not intended as a reformulation without content. The construction problem is to obtain
k(m) from the creation parameters of an expanding first branch, in such a way that the inequality is proved
uniformly on its arithmetic cylinder. Because r is unbounded, no finite stationary list of initial branch pairs can
accomplish this; the continuation rule must be height-sensitive or genuinely recursive.
Definition 62.2 (Expanding first-branch family). Let

E := {(a, r) : a ≥ 2, r ≥ 1, 2a+r−1 ≤ 3r}. (AF.4)

For (a, r) /∈ E , the one-branch slope is contracting and its finite threshold is given by (M.7). For (a, r) ∈ E ,
every positive member of Ga,r expands under its first gate return.
Proposition 62.3 (Continuation-cylinder sufficient theorem). Suppose that for every (a, r) ∈ E and every
positive m ∈ Ga,r there is a realized continuation word h(m) beginning with (a, r) for which

(2Q(h(m)) − 3R(h(m)))m > E(h(m)). (AF.5)

Suppose further that each contracting first branch covers every member of its cylinder above its explicit threshold,
and that the finitely many remaining values below those thresholds descend by exact iteration. Then every positive
gate value descends and the Collatz assertion follows.
Proof. An input in an expanding cylinder descends by (AF.5). An input in a contracting cylinder descends
directly unless it belongs to the asserted finite verified remainder. Hence every positive gate value has a lower
gate iterate, and Theorem 56.1 applies.

Proposition 62.3 is a faithful description of the necessary construction. The exact identities above make each
proposed continuation checkable. What is not supplied by the integral drift alone is a theorem producing such a
continuation for every member of the infinitely many expanding cylinders.
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63 Finite residue verification after an unbounded continuation theo-
rem

A completed proof may legitimately end with finite verification, provided the unbounded part has already
reduced every sufficiently large value to a smaller one. The following proposition records that separation in the
present coordinates.

Proposition 63.1 (Finite-base completion). Let H ≥ 1. Suppose that:
(i) every positive gate value m > H has a realized finite prefix with Rk(m) < m;

(ii) every positive integer n ≤ H has a shortcut orbit reaching 1.
Then every positive integer reaches 1.

Proof. Starting with any positive integer, remove powers of two and discharge the finite forced shadow to reach
either 1 or a positive gate value. If that gate value exceeds H, hypothesis (i) supplies a smaller later gate value.
Repetition cannot continue indefinitely above H, since it gives strict descent in the positive integers. The orbit
therefore enters the interval [1, H], where hypothesis (ii) completes it.

The proposition identifies the correct role of computation. A finite base check is a valid last step only after an
unbounded descent theorem has been established. In the present analysis, the unbounded theorem is precisely
the missing production of a prefix satisfying (RC) for every gate value above the base range.

For a proposed continuation word h on a cylinder, the verification is exact. One computes the cylinder residue
by Proposition A.1, evaluates the integer correction E(h) by Theorem 51.1, and checks the threshold inequality

m >
E(h)

2Q(h) − 3R(h) . (AG.1)

If the denominator in (AG.1) is nonpositive, the word cannot yield descent on a positive member. If it is positive,
all members of the cylinder above the threshold descend, and only a finite initial segment remains to be evaluated.
Thus any future constructive theorem can be verified at the level of exact congruences and inequalities, without
changing the universal logical requirement.

Corollary 63.2 (Verification form of a successful construction). An unconditional proof in gate coordinates is
supplied by a family of realized continuation words whose cylinders cover every m > H, whose thresholds leave
no uncovered value above H, and whose finite remainder through H is exactly checked. The existence of such a
covering family must itself be proved, not inferred from the Haar estimates.

Proof. The family gives hypothesis (i) of Proposition 63.1; the stated finite check gives hypothesis (ii). The final
sentence follows because the Haar estimates concern measure rather than exhaustive pointwise coverage.

64 Persistence of the fixed-point obstruction under finite refinement
The obstruction at −1 does not disappear if one refines a finite residue partition or allows each state its own
finite look-ahead time. This strengthens the reason for introducing a height-sensitive quantity.

Proposition 64.1 (Refinement-invariant self-loop). Let P be any finite clopen partition of Z×
2 . To each cell

P ∈ P attach a positive integer k(P ) and require that the first k(P ) odd-renewal valuations are constant on P .
Suppose each cell is required either to have uniform eventual descent under Sk(P ) on its positive members, or to
map into a cell of strictly smaller value of a well-founded finite rank. Then the requirements are inconsistent.

Proof. Let P− be the cell containing −1. Since P− is open, it contains all positive representatives

mN = 2N − 1 (AH.1)

for all sufficiently large N . The orbit of −1 has valuation word (1, . . . , 1) of every finite length. By the assumed
constancy of the assigned word, the same is true for the first k(P−) renewals of every sufficiently deep positive
representative mN . Hence

Sk(P−)(mN ) + 1 =
(

3
2

)k(P−)
(mN + 1), (AH.2)

and therefore Sk(P−)(mN ) > mN . The cell P− is not a uniform descent cell.
It must consequently be a rank-transition cell. Yet Sk(P−)(−1) = −1, so the image cell contains −1 and is

again P−. The asserted transition would require the strict inequality

ρ(P−) < ρ(P−), (AH.3)

which is impossible in any well-founded order.
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Corollary 64.2 (Necessity of unbounded state information). Any deterministic proof organized by local renewal
states must use information not captured by a finite stationary clopen partition with fixed finite look-ahead. In
particular, it must use an unbounded height or shadow-depth parameter, a nonstationary return construction, or
an equivalent pointwise coercive inequality.

Proof. This is the contrapositive content of Proposition 64.1. The potential Ψα and the gate coordinates provide
explicit examples of the required unbounded information: they record the finite distance of a positive input from
the non-positive fixed point and the depth of any newly created shadow.

The proposition rules out a broad family of finite-state completions independently of computation depth.
Enlarging a residue modulus merely gives a smaller cell around −1; it never removes the positive representatives
in (AH.1) or changes the expanding coefficient in (AH.2). Thus any constructive proof of (RC) must confront
the unbounded shadow parameter rather than conceal it inside a larger stationary modulus.

65 Consequences of the transfer analysis
The full-branch theorem justifies the integral drift and moment calculations by an explicit 2-adic tail bijection.
The affine transfer discussion proves that any pointwise weight must absorb an unbounded positive correction
associated with newly created shadow depth. The branch-pairing criterion gives an alternative sufficient
mechanism: every expansion may be charged to a later strictly dominant contraction, provided the charge is
constructed on every realized path.

Thus the renewal approach has a precise endpoint. It rigorously resolves the stationary-rank obstruction,
exactly pays all previously existing shadows, and supplies a complete affine coordinate system for the remaining
gates. The unproved universal content is no longer hidden: it is the construction of a pointwise weight or pairing
inequality that controls every gate path despite the rare but unbounded correction terms.

66 Main theorem and conclusion
The renewal construction can now be stated without separating its mathematical content into extensive
appendices.

Theorem 66.1 (Renewal, shadow, and pointwise criterion). For the shortcut Collatz map T , its odd-renewal
map S, and the induced gate map R on G:
(i) every realized finite valuation word has the exact affine iterate formula (2.5) and the exact descent inequality

(2.6);
(ii) the positive integers shadowing the 2-adic fixed point −1 have arbitrarily long initial expanding odd runs;

(iii) no stationary finite clopen rank mechanism can establish universal descent, because its state containing −1
has a non-descending self-loop;

(iv) the height-sensitive quantity Ψα strictly dissipates every forced −1 shadow whenever α > log(3/2);
(v) the gate dynamics has the exact affine cocycle (10.4), negative Haar logarithmic drift, fractional-moment

contraction for sufficiently small positive moments, and the stated cycle divisibility restriction;
(vi) universal convergence is equivalent to the single pointwise renewal–coercivity inequality (RC).

Proof. Assertions (i)–(v) are respectively Theorem 2.1, Theorem 4.1, Theorem 5.2, Theorem 6.1, Lemma 10.1
together with Theorems 9.1–9.2 and Theorem 12.1. Assertion (vi) is Theorem 11.1, whose proof keeps the affine
correction Ek and reinstates every suppressed shadow and even-division segment.

The first five items are proved unconditional statements about the renewal coordinates. The sixth item
identifies, with an exact necessary-and-sufficient inequality, the remaining pointwise problem. Average contraction
cannot replace (RC): the gate system has expanding branches, and a single nested exceptional orbit would
be invisible to a Haar-null estimate. Likewise, checking finitely many residue cylinders cannot establish (RC)
without an unbounded continuation principle, because the 2-adic shadow of −1 persists at every finite depth.

Thus the main conclusion is rigorous and sharply delimited. The odd-renewal algebra, the gate cocycle, the
shadow potential and the transfer estimates compress universal convergence to

∀m ∈ G, m > 1, ∃k ≥ 1 :
(
2Qk(m) − 3Rk(m))m > Ek(m). (21.1)

The preceding theorem is a complete proof that (21.1) is equivalent to the Collatz assertion. Establishing the
universal quantifier in (21.1) requires a further pointwise argument; it is not supplied by the proved integral
estimates or the finite verification script.
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A Residue lifting and finite verification details
A.1 Explicit residue lifting for valuation words
The uniqueness assertion in Lemma 3.1 may be made fully constructive. Let

a = (a1, . . . , ak), Aj = a1 + · · · + aj ,

and suppose the residue rj modulo 2Aj+1 realizes the first j valuations. Every odd lift of rj modulo 2Aj+1+1 has
the form

m = rj + 2Aj+1t
(
t mod 2aj+1

)
. (V.1)

By the affine formula,

Sj(m) = 3jrj + Cj

2Aj
+ 2 3jt. (V.2)

The numerator in the first fraction is integral and odd because rj realizes the preceding word. Put this odd
integer equal to wj . The next condition is

ν2(3wj + 1 + 6 3jt) = aj+1. (V.3)

Since 6 3j = 2 · 3j+1 and 3j+1 is a unit in Z2, condition (V.3) fixes one class of t modulo 2aj+1 . This proves the
lifting assertion and gives an algorithm for generating the exact cylinder residue.

Proposition A.1 (Constructive cylinder lifting). Given a = (a1, . . . , ak), its unique realized residue class modulo
2Ak+1 can be constructed successively by solving at stage j the linear congruence

3wj + 1 + 2 3j+1t ≡ 2aj+1 (mod 2aj+1+1). (V.4)

At each stage the solution t is unique modulo 2aj+1 .

Proof. The right side of (V.4) encodes exact valuation aj+1: it states congruence to 2aj+1 and hence noncongruence
to zero modulo 2aj+1+1. Dividing the difference between (V.4) and its value at t = 0 by 2 leaves a linear congruence
with odd coefficient 3j+1 modulo 2aj+1 . This coefficient is invertible, proving unique solvability. Formula (V.1)
then lifts the previous residue to the required class.

Corollary A.2 (Denominator-cleared cylinder checker). A proposed word a and residue r modulo 2Ak+1 can be
certified without following any unbounded orbit: it is sufficient to compute the first k affine numerators from r
and verify

ν2

(
33j−1r + Cj−1

2Aj−1
+ 1
)

= aj (1 ≤ j ≤ k). (V.5)

Proof. The quotient is integral for each successful preceding check; the displayed valuations are precisely the
defining conditions for the word. Because every integer in the class has the same first Ak + 1 binary digits, the
same valuation data hold throughout the cylinder.

This explicit lifting construction is useful for any computational component of a proof, but it also reinforces
the obstruction theorem: the all-one words lift toward the 2-adic point −1 at every depth, and no fixed truncation
removes them.

A.2 The all-one cylinder and exact positive representatives
Let 1k = (1, . . . , 1) be the length-k valuation word for the odd-renewal map. Its recurrence is

Ak = k, Ck = 3k − 2k, (W.1)

because

Sk(m) = 3km + 3k − 2k

2k
=
(

3
2

)k

(m + 1) − 1. (W.2)

Lemma A.3 (All-one residue class). The word 1k is realized precisely by

m ≡ −1 (mod 2k+1) (W.3)

among odd integers. For every q ≥ 1 odd, the positive representative

m = 2k+1q − 1

satisfies
Sj(m) = 3j2k+1−jq − 1 > m (1 ≤ j ≤ k). (W.4)
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Proof. If m + 1 is divisible by 2k+1, equation (W.2) shows that at each of the first k odd renewals the numerator
remains divisible by exactly one new factor after removing the branch denominator; equivalently all valuations
equal one. Conversely, repeated application of S(m) + 1 = 3(m + 1)/2 along the all-one word gives

Sk(m) + 1 = 3k(m + 1)/2k.

Integrality of every preceding odd branch requires 2k+1 | m + 1, giving (W.3). Formula (W.4) follows directly,
and its difference from m equals

2k+1−jq(3j − 2j) > 0.

Proposition A.4 (No uniformly bounded stopping depth). There is no integer K such that every positive odd
m > 1 possesses an odd-renewal prefix of length at most K with value below m.

Proof. For the proposed K, choose m = 2K+2 − 1. Lemma A.3 gives strict increase at each of the first K + 1
renewals, contradicting the proposed stopping depth.

Proposition A.4 is weaker than the stationary-rank obstruction, but it clarifies the scale of any completion
theorem. Even if every orbit eventually descends, the stopping depth must grow with the 2-adic nearness of the
input to −1 or with an equivalent height-sensitive quantity.

A.3 Shadow distance as an exact resource
On positive odd integers define the 2-adic shadow distance

d−(m) = 2−ν2(m+1), σ(m) = max{ν2(m + 1) − 1, 0}. (X.1)

When σ(m) ≥ 1, one odd shortcut step is forced and

d−(T (m)) = 2d−(m), σ(T (m)) = σ(m) − 1. (X.2)

Thus an apparently expanding archimedean segment moves away from the fixed point by a deterministic factor
of two at every step.

Proposition A.5 (Integrated shadow expenditure). For α > log(3/2) and a forced shadow segment of length
s ≤ σ(m),

log T s(m)
m

+ α
(
σ(T s(m)) − σ(m)

)
< −s

(
α − log(3/2)

)
. (X.3)

Equivalently,
T s(m) < m exp

(
αs − s(α − log(3/2))

)
= m(3/2)s, (X.4)

while the potential falls by a uniform amount.

Proof. Sum the one-step identity (6.4) over the s forced steps. The strict inequality follows because each ratio
(3T j(m) + 1)/(2T j(m)) is strictly below 3/2.

The content of (X.3) is not merely that a long ascent is finite. It identifies a monotone resource for the entire
forced portion of the orbit. The failure of this resource at gates is equally exact: at a gate, new debt may be
created, and the created amount is r − 1 for a branch with parameter (a, r).

Lemma A.6 (Creation and repayment identity). For m ∈ Ga,r and every α > 0, the first renewal to u = S(m)
and the subsequent forced return to R(m) satisfy

Ψα(u) − Ψα(m) = log u

m
+ α(r − 1),

Ψα(R(m)) − Ψα(u) = log R(m)
u

− α(r − 1),

Ψα(R(m)) − Ψα(m) = log R(m)
m

.

(X.5)

Proof. The endpoints m and R(m) have shadow depth zero, whereas u has depth r − 1. Substitution in the
definition of Ψα proves all three identities.

The identity explains why a successful Lyapunov function must retain more than present shadow depth:
depth created at a gate is entirely paid when that same shadow is discharged, leaving the complete gate return
governed by its ordinary size ratio.
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A.4 Branch classifications and exact examples
The gate branch condition is simple enough to be explored exactly. The frontier is

a − 1 > r log2(3/2). (Y.1)

For r = 1, every branch is slope-contracting because a ≥ 2 and 2a > 3. In this case

R(m) = 3m + 1
2a

, R(m) < m for all m ∈ Ga,1, m > 1, (Y.2)

since the threshold is 1/(2a − 3) ≤ 1.
For r = 2, the slope is

Ma,2 = 9
2a+1 ,

so a = 2 gives an expanding slope 9/8, while every a ≥ 3 is contracting. For the branch (a, r) = (3, 2),

e(3, 2) = 3(9) − 16 = 11, R(m) = 9m + 11
16 , (Y.3)

and descent holds for m > 11/7; hence every positive member of this gate cylinder larger than 1 descends in one
return.

For r = 3, the slope is
Ma,3 = 27

2a+2 ,

so a = 2 and a = 3 are expanding, while a ≥ 4 is contracting. The expanding branch (2, 3) gives

R(m) = 27m + 29
16 , (Y.4)

and contains the value m = 9, yielding 9 7→ 17. The contracting branch (4, 3) gives

R(m) = 27m + 137
64 , (Y.5)

and descent holds once m > 137/37.

Proposition A.7 (Every fixed shadow depth is controlled by sufficiently large immediate valuation). For every
fixed r ≥ 1, there exists an integer a0(r) such that every gate branch with parameters (a, r) and a ≥ a0(r) has a
contracting slope and a finite positive descent threshold. One may take

a0(r) = 2 + ⌊r log2(3/2)⌋ . (Y.6)

Proof. For this choice, a − 1 > r log2(3/2), so (Y.1) holds. Proposition 50.3 supplies the threshold.

Proposition A.8 (No fixed immediate valuation controls all created shadows). For every fixed a ≥ 2, there are
arbitrarily large r for which the branch (a, r) is slope-expanding; indeed Ma,r > 1 whenever

r >
a − 1

log2(3/2) . (Y.7)

Proof. This is the negation of (Y.1).

Together these propositions show why the problem is neither uniformly local nor uniformly random: contraction
is certain for one parameter at fixed depth, while every fixed contraction parameter admits arbitrarily deep
expanding shadow creation.

A.5 Cylinder integrals and finite-depth exceptional mass
Let Bk denote the collection of length-k gate words. For a word g ∈ Bk, put

M(g) = 3Rk(g)

2Qk(g) , µ(g) =
k∏

j=1
2−(aj−1)2−rj . (Z.1)

The full-branch structure gives ∑
g∈Bk

µ(g) = 1. (Z.2)
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Proposition A.9 (Finite-depth integral decomposition). For every function F depending only on the first k
gate pairs, ∫

G
F (m) dµG(m) =

∑
g∈Bk

µ(g)F (g). (Z.3)

In particular, ∫
G

log Mk(m) dµG(m) = k log(9/16), (Z.4)

and ∫
G

Mk(m)θ dµG(m) = κ(θ)k. (Z.5)

Proof. Every word is one clopen gate cylinder, the cylinders are pairwise disjoint, and their union has full Haar
measure. Their measures factor by Lemma 50.1, since each return removes exactly the digit block used to read
its pair (aj , rj). Formula (Z.3) follows from simple-function integration. Taking F = log Mk =

∑
j log Mj gives

(Z.4), while taking F = Mθ
k =

∏
j Mθ

j gives (Z.5).

Corollary A.10 (Exponential Haar bound with a chosen drift margin). Fix δ > 0 and θ > 0 with eθδκ(θ) < 1.
Then

µG{m : log Mk(m) ≥ −δk} ≤
(
eθδκ(θ)

)k
. (Z.6)

Proof. On the event in question, Mk(m)θ ≥ e−θδk. Markov’s inequality and (Z.5) yield (Z.6).

The cylinder integral theorem is exact at every finite depth. Its limitation is not one of rigor but of quantifier:
an exponentially small nested family may contain a positive integer orbit, and the positive correction current
must also be dominated. The pointwise inequality remains indispensable.

A.6 The role of affine thresholds in any descent proof
For a contracting realized word, the threshold is

τ(g) = Ek(g)
2Qk(g) − 3Rk(g) . (AA.1)

A descent assertion over a cylinder is therefore not merely a sign statement. It must either show that every
positive member of the cylinder exceeds τ(g) or continue the analysis on the finitely many values not exceeding
that threshold.

Lemma A.11 (Finite remainder below a contracting cylinder threshold). For a fixed realized gate word g
satisfying 2Qk > 3Rk , all positive members of its cylinder with m > τ(g) descend under that word. The set of
members with m ≤ τ(g) is finite and can be checked by exact integer iteration.

Proof. The descent statement is Proposition 10.2. A residue cylinder is an arithmetic progression of positive
integers, so it has only finitely many members below a fixed real threshold.

Proposition A.12 (Why a finite family of contracting words does not suffice). Let W be any finite set of gate
words. Even if every word in W has contracting slope, a proof based only on the cylinders of W cannot establish
global convergence unless those cylinders cover every gate value or a further theorem forces every uncovered
gate value into the covered region. In particular, the all-one shadow obstruction prevents coverage by a finite
stationary direct-descent family.

Proof. The first assertion is logical: a gate value outside the union of the verified cylinders is not governed by
any verified inequality. The last assertion follows from Proposition A.4 and Theorem 5.2, since arbitrary shadow
depth yields uncovered expanding prefixes or a stationary self-loop.

A completed argument may still contain finite verification, but only after a theorem reduces all unbounded
inputs to a finite residual region. In the renewal language such a theorem must imply (RC) on every orbit
outside that finite region.

This identifies the legitimate role of finite calculation: it may exhaust the bounded remainder left by a proved
pointwise descent mechanism, but it cannot substitute for the universal argument that sends each unbounded
orbit into a contracting realized cylinder.
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A.7 An exact statement of the constructive objective
The preceding analysis leaves one sharply formulated constructive objective. Seek a function

E : G −→ [0, ∞)

and a constant ε > 0 such that for every m ∈ G, m > 1, some finite gate prefix satisfies

log Rk(m) + E(Rk(m)) ≤ log m + E(m) − ε, (AB.1)

and such that sublevel sets of log m + E(m) contain only finitely many positive gate integers. If, in addition, the
inequality cannot be achieved merely by increasing m while lowering an unrelated auxiliary coordinate, then it
supplies a well-founded descent.

Theorem A.13 (Potential completion criterion). Suppose there exists a function V : G → R with the following
properties:
(i) for every real C, the set {m ∈ G : V (m) ≤ C} is finite;

(ii) for every m ∈ G with m > 1, there exists k ≥ 1 such that

V (Rk(m)) < V (m). (AB.2)

Then no positive gate orbit can avoid 1, and the Collatz assertion follows.

Proof. Assume that a positive gate orbit avoids 1, and choose any value m0 on it. Property (ii) produces a later
value m1 on the same orbit with V (m1) < V (m0). Repeating the argument gives a sequence of later orbit values
mj satisfying

V (m0) > V (m1) > V (m2) > · · · .

Every mj belongs to the finite set {m ∈ G : V (m) ≤ V (m0)} from (i), contradicting strict decrease. Therefore
every gate orbit reaches 1. The odd-renewal and shortcut equivalences then give the Collatz assertion.

The theorem is a sufficient design principle rather than an assertion that such a V has been constructed. The
proved shadow potential is the required local term on all forced all-odd segments. The missing construction is a
gate-creation term whose decrement dominates the positive correction current for every realized orbit.

A.8 Consequences for the pointwise criterion
The odd-renewal and gate-return coordinates provide a fully exact arithmetic setting in which to examine the
global conjecture. Each renewal word is a single congruence cylinder with a closed affine iterate; each gate branch
has a positive correction and an explicitly classified slope; each finite product has an exact correction current;
and the leading branch process has negative Haar drift with exponential finite-depth tail bounds. The positive
shadows of −1 simultaneously prove that neither bounded stopping depth nor stationary finite residue-rank
descent can be the universal mechanism.

The only remaining implication is pointwise. A final proof must exhibit, on every positive gate orbit, a finite
prefix satisfying the exact descent inequality (RC), the compensated logarithmic inequality (S.3), or a coercive
potential theorem implying either of them. All local algebra, cylinder arithmetic, shadow dissipation and integral
branch estimates needed to formulate that task have now been proved explicitly.
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